Functions of Two or Three 


Unit-6 . 
Real Variables 


1, INTRODUCTION 


Functions of Two Variables 

One of the main differences between functions of one variable and functions of two variables is 
that functions of one variable are considered in an interval on the number line, whereas functions of two 
variables are considered in an open disc in the xy-plane. That is, with a function of one variable, 
|x-—al< 6 means that within an interval, the distance of x to a is always less than 6. With a function 


of two variables, 0 < x — a)? + (y-b)? <& means that the point (a, b) lies within an open circle (disc) 


whose radius is & or denoted as N((a,b),5)={(x,y):J(x-a)? + (y-b)? <5},5>0 read as 
neighborhood (nbd) of (a, b). 


Sometimes we can also take an open rectangle centered at (a,b) 


{(x,y):1x-al<h,ly-b I< k}, (h > 0,k > 0) 
This is denoted as (a- h,a+h;b-k, b +k). 
Definition : A function of 2 variables is a rule that assigns to each ordered paired of real numbers 
(x, y) in a set D a unique real number denoted by f(x, y). The set D is the domain of f and its range is 
the set of values that f takes on, i.e., the set {f(x, y)I(x, y) © D}. 
Remark : We often write z = f(x, y). D c R* and the range is a subset of R. 


Level Curves 
Definition : The level curves (or contour lines) of a function f(x, y) are the curves with equations 
f(x, y) = k where k is a constant in the range of f. 
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2. LIMIT OF A FUNCTION OF TWO VARIABLES 


Definition. Let f: D > R, 
The function f(x, y) has a limit I (I< R) as (x, y) tends to (a, b) < R*, written as 


whens = b 
if given any « > 0, there exists some 5 > 0, such that 

f(x y) - 11 < ¢ if 0 < V(x - a? + (y - db) < 6. 
Equivalently, 

If~% y)-ll<e ifO<Ix-a|<8,<O0<|/y-bI<8 


y 
Ax. y) 


All point in the circle 
map to the interval, if L 


is the limit. — 


Fig. : Illustrates This 
Note : In the above definition, the function f may or may not be defined at the point (a, b). 
Repeated Limits 


Letf:D—>R, Dif lim f(x, y) exists, then it is a function of x say h(x), which is defined on some 
yo 


subset of R. If tim, h(x) exists, then we say that the repeated limit tim, tim, f(x, y) exists. Similarly we can 


define the repeated limit lim lim f(x,y). 


Remarks 

(1) Repeated limits may exist but may not be equal. 

(2) Repeated limits may exist and be equal but the two-variable limit may not exist. 

(3) Repeated limits and the two-variable limit may all exist and may be equal. 

(4) Repeated limits may not exist but the two-variable limit may exist. 

Note : To find the limit of a function of one variable, we only needed to test the approach from 
the left as well as from the right. If both approaches were the same, the function had a limit. To find the 
limit of a function of two variables however, we must show that the limit is the same no matter from 
which direction we approach (a,b) 

Example 

The function f defined by 


nae 
f(xy) = ek ty ed 
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lim_ lim f(x, y) and lim lim f(x, y) both exist but are unequal. Also show that lim __f(x, y) does 
x0 y +0 yd x40 (x ¥) + (0,0) 
not exist. 
2 igi 
im XY = 4, 
xo x+y’ 
2 y2 2 
tim tim Y= 1, lim im 2 —¥ = 
yroxo x? + xaoy0 x? 4’ 


Thus the two repeated limits exist but are unequal. 
Suppose (x, y) — (0, 0) along the path y = mx. 


2 opty? 
x? —m?x’ 

Now f(x, mx) = =—a > 
(x, mx) = 2 

1-m’ 

=> lim f(x,mx) = ——, 
2m fC ) 1+m? 


which is different for different values of m. 


2 2 


5 x? -y’ 
lim | —3—> i 
Hence ,, 3%b.0) x? 4 y does not exist. 


Ex. — Find the limit. 
5x’y 
Gxy)-of1.2) x? + y? 
Notice that the point (1, 2) does not cause division by zero or other domain issues. So, 


Sx’y __5(1)°(2) _10_, 
oxy? +y? (DP +(2)? 5 


Ex. — Find the limit. 
; 2 
Peau x? + y? 
approaching (0,0) along x=0 i.e. y- axis 
5 eee) 
x+y Ory” 


asx=0 0 


Similarly, approaching (0,0) along y=0 i.e. x- axis 


=0: =—=1 
as. y 520; +0 x? 


Since we got two different results, the limit does not exist. 
Ex. — Find the limit. 


2 _oy2 
x? —2) 

im, 
(xy+10.0) x? + y’ 
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Ex. 


Ex. 


Sol. 


._ ~2y" 
Let x = 0: then lim 7 =-2 


et Me 
Now let y = 0; then lim—,=1 
x0 X 


Again, the limit does not exist. 
Find the limit. 


tim — 7 
(29)-¥(0.0) x? +’ 


xy mx? m 
Let (x,y) — (0,0) along the line y = mx. Then yay? "Same lem This shows that the 
limit depends on the choice of m. Therefore, the limit does not exist 
NOTE : When we use the definition of limit to show that a particular limit exists, we usually 
employ certain key or basic inequalities such as: 


I< yx? + y? by| <fe? +y? 


2 
x x 1 


x+1 ery 
|x-al=y(x-a)? < f(x-a)' + (ya)? 


and the algebraic terms. 
Using « — 8 definition of limit, prove that: 
lit 3x + 2y)=7 
out af3% + 29) 


Given « > 0, we shail show that there exist 6 > 0 such that 


0< ff (x-1) + (y- 2)? ] <6 > Bx + 2y-7<e 


Now by the triangle inequality, 
[3x + 2y - 7| = [5x - 3 + 2y - 4] < 13x - 3] + [2y - 4] = 3[x - 1] + 2ly - 2] 


Since bx-]= YiK-1) < flO-7 + y-2F) 
and ly-2]= Vly - 271s flx-1 + y-2F1 


Therefore = [3x + 2y - 7] < 3ix - 1| + 2ly - 2| 
< 5yl(x-1 +(y-2)'] 


Now let 6 = =: then if J{(x-1)7 +(y-2)'] <8 


& 
5 
13x + 2y -— 7| < 3Ix — 1] + 2ly - 2] 


<5y[-F + (y- 271 


€ Eduncle Mathematics (Functions of Two or Three Real Variables) 


Ex. 


Sol. 


Ex. 


Sol. 


58=5.£= 
< 5 & 
Therefore 8 exists. 
Hence, lim (3x +2y)=7. 


Using « — 8 definition of limit, prove that: 


lim | (ax +by)=5a—-2b 


(xy)5-2) 


Given « > 0, we shall show that there exist 5 > 0 such that 


< Jl — 5) + (y+ 2/7] <8 = |(ax + by)—(Sa— 2b) <e 


Now by the triangle inequality 
\(ax + by) - (5a — 2b)| = Ja(x — 5) + b(y + 2) < alx - 5] + bly + 2] 


Clearly, Vik-5)" + (y+ 2)1< d= |x-5]<d]y+<d 


I(ax + by) - (5a - 2b) < alx — 5| + bly + 2| < ad + bd = (a + b)S 


Now choose 6 = 


€ 
a+b 


|(ax + by) - (5a - 2b)| < (a+b) 


§ i 
(a+b) 
Therefore 6 exists. 


Hence cyl p(X + by) = 5Sa-2b 


Using « - 6 technique, prove that: 


lim 6 
ceaheceay 


Given ¢ > 0, we shall show that there exist 6 > 0 such that 


0< V(x 2) + (y-3)"] <8 > |xy-6|<e 


Now by the triangle inequality, 
Ixy - 6] = Ixy — 3x + 3x - 6] = [x(y - 3) + 5(x — 2)] < Ixl ly - 3] +3x - 2 


Clearly, Vi -2% +(y-3)f]) <b> x- 2| < dy -3| <3 


Now choose 6 = 1, 
kk-2)<1>51<x<351< <3 
Therefore Ixy - 6| < Ixlly -3] + 3[x - 2] 
< 3ly — 3] + 3x - 2] 
< 35 + 35 = 65 
Therefore, for 5 = (</6), Ixy - 6| < 6. (c/6) = « 
Therefore 8 exists. 


6 
Hence JM. *¥ = 
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Ex. Using « - 6 definition of limit, prove that: 


i 2 a 
ce #2y)=8 


Sol. Given < > 0, we shall show that there exits 5 > 0 such that 


0<Vlx-1" +(y-1] <8= |x? +2y-3|<e 
Now by the triangle inequality, 


|x? + 2y - 3] =[x? -14 2y 2] =|x?- 1+ ly - 1] 
<x? -1]+2Iy-]] 
<|x-1||x + 1]+ 2ly-1] 


Clearly, Vik-¥ +(y-11< 8=>|x-]<dly-]<d 


Now choose 6 = 1 

k-1)<150<x<2 

=>1l<x4+1<351<k+1<3 
Ix? + 2y - 3] < Ix - 1 [x + 1] + 2ly - 1] 

< 3ix- 1] + 2ly- 4 

< 35 + 26 = 56 
Now choose 6 = (e / 5), |x? + 2y — 3] < (5e/ 5) <« 
Therefore required 5 = min{1,(c/5)} i.e., 5 exists. 


in GK Oy) 
Hence jim, (+ 2y)=3 
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3. CONTINUITY OF A FUNCTION OF TWO VARIABLES 


Definition : Letf: DR 
Then f is said to be continuous at a point (a, b) < D if 


lim — f(x,y) = f(a,b) 


(xy)fa,b) 


In other words, f is continuous at a point (a, b) € D if given and « > 0, there exists some 5 > 
0 such that 


I f(x, y) - fla, b) | < ©, when 


ay +(y-by' |] <8. 
OR 
| f(x, y) - f(a, b) | < e, when | x - al <8, |y-—b] <8. 
Ex. Examine the following function for continuity at (0,0): 
xy 
=a 0,0 
f(xyelxe ey? (x,y) # (0,0) 
0, — (x,y) =(0,0) 


Sol. We know that if tole f(x, y), (a, b) € R? exists, then this limit is independent of path of 
approach along which we approach the point (a, b). 
Since f(x, y) is identically zero along the co-ordinates, 
therefore when (x, y) — (0, 0), then the limit along each axis is zero. 
But the path of approach is along a straight line y = mx, where m = 0, 
2 
then {(y) =e 


: : m ' 
cool, (%¥) tA lim f= which depends on m., 


¥)-9(0.0) , the limit of the function 


depends on the path of approach. 
Therefore ,,,liM, .f(%¥) does not exist. 


Again if the path of approach be parabola x = y?, then 


lim f(x,y) = lim 
90 


Y= 3 
ten 09) i (2) 


y 
= lim = 
y* oy? a] 


+y ov 
Since the limits obtained by two different approaches are different, so 
aaliM,,{%¥) does not exist. 


Hence the function f(x, y) is not continuous at the point (0,0). 
Ex. Examine for continuity the following function at (0,0) : 


2 


xz0y40 


f(xy) =4 x? + y?" 
1 x=0y=0 
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Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


Given (0,0) = 1 wA(1) 
and, jim, f(xy) =0 (2) 


Since (1) + (2) 
Therefore the given function is discontinuous at (0,0). 
Show that the following function f : R? — R is continuous at (0,0): 


xy(x’ -y*) 
fiay)e} xeaye (xy) # (0,0) 


0, (xy) = (0,0) 


Let ¢ > 0 and |x-0|< ve and |y-0|<¥e, then 


Fas) -100]= PEP) 0 at 
<poif bt -y'| se? + y, ” x a " s i 
<kllyl 
< veve =e 

ie, litt, fO%4¥) exists and equal to 0. 


And value of the im, , f(%,¥) = (0,0) = 0. 


Hence the given function is continuous at (0, 0). 
Show that the real valued function f(x,y) of two variables defined below is continuous at the origin: 


xy 
==, (xy) (0,0) 
fOuy)=4 fe +? 
0, (x,y) = (0,0) 
Let x = 1 cos®, y =r sin® and ¢ > 0, 
2 
then — [f(x y) -£(0,0)| = xy. Ir’ cos@sing| 
ye + t 


=r|cos@sin@|<r [--|cos@sin6| < 1] 


Now |f(x,y)- ((0,0)|<e if r<e onif yx? +y? <e 


Here if we take 5 < Fe then [xl < 6 and lyl < 5 


€ 


> |< Jp and y|< Fea xt ty cet = ry? <e 
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Ex. 


Sol. 


Ex. 


Sol. 


Tl for ry €>0,55= >0 ht 
hus, for every Yo such that 


If(x, y) - £(0, 0)| < « whenever {x - 0] < 5 and ly - 0] <3 
Therefore f is continuous at the origin (0,0). 
Theorem : The following results are true for multivariable functions: 


1. The sum, difference and product of continuous functions is a continuous function. 
2. The quotient of two continuous functions is continuous as long as the denominator is not 0. 
3. Polynomial functions are continuous. 
4. Rational functions are continuous in their domain. 
5. If f(x,y) is continuous and g(x) is defined and continuous on the range of f, then (f(x,y) 
is also continuous. 
Show that 
ioeyel erage ON 0.0) 
oy (xy) = (0,0) 


is continuous at (0,0). 
This function is clearly continuous everywhere except at (possibly) (0,0). 
Let’s check continuity at (0,0). 


& 
Let « > 0 be given. Let 5 = 2 and suppose that 0 < x? +y? <8 


Then, using the fact that x’ <x? +y"ii 


re slly|< ist +y? <d=5<e 


Hence, f(x,y) is continuous at (0,0). 
Show that 


[f& y) -O| = 


x+y? 


=z (uy) (0,0) 
ey (xy) = (0,0) 


fxy)= 


is discontinuous at (0,0). 

Again this function is clearly continuous everywhere except (possibly) at (0,0). Now let’s look at 
the limit as (x, y) approaches (0, 0) along two different paths. First, let's approach (0,0) along the 
x-axis, ie. y = 0. 


lim, f(x, 
Gy)+0.0) Guy) = ass +0, 


Now, let's approach (0,0) along the y-axis, i.e. x = 0. 


f(xy) = 


lim 
(xy)-+(0.0) yee Ory? y 
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Ex. 


Ex. 


Ex. 


Since the limit is not the same along the two different directions we conclude that f(x, y) is 
discontinuous at (0, 0). 


5x” 
The function f(x, y) = ZF is not continuous at (0, 0). However, the limit at (0, 0) does exist 


and is equal to zero at the that point. If we define f(x, y) to be equal to zero at (0, 0), then we 
have removed the point of discontinuity and the function becomes continuous at that point. 


If f(x, y) and g(x, y) are two functions that are continuous at (x,, y,), then the function oh is 
also continuous at (x,, y,) only if g(x,, y,) # 0. 

f(x, y) = 5x’y is continuous at (0, 0) 

a(x, y) = x + y’ is continuous at (0, 0) 


f(x, 
However, “A 4 is not continuous at (0, 0) because (0, 0) = 0. 


] is continuous. 


Find where tan ( +y 


Here, we have the composition of two functions. We know that tan-'x is continuous on its domain, 
x" : NYE XY 

that is on(. Therefore, tan (5) will be continuous where xy continuous. Since XoOy 

is the quotient of two polynomial functions, therefore it will be continuous as long as its denominator 


is not 0, that is as long as y + x. It follows that tan-! [ } is continuous on {(x, y) «©? ly 


x+y 


# —X}. 

Find where In (x? + y? — 1) is continuous. 

Again, we have the composition of two functions. It is continuous where it is defined, that is on 
{x « R |x > 0}. So, In (x? + y? - 1) will be continuous as long as x? + y? — 1 is continuous and 
positive. x2 + y? — 1 is continuous on R2, but x? + y? — 1 > Oif and only if x? + y? > 1, that is outside 
the circle of radius 1, centered at the origin. It follows that In (x2 + y? - 1) is continuous of the 
portion of R? outside the circle of radius 1, centered at the origin. 
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4. PARTIAL DERIVATIVES 


If f(x) = 5x3, then f'(x) = 5x 3x? = 15x2. In the same way, if you're given g(x) = ax?, and told that 
a is a constant, then you find that g'(x) = a-3x? = 3ax?, If you are now told that a = 5, you can plug in 
5 for a in this latter answer to get what you got before. 

Suppose now that you're given the function of two variables h(x,y) = yx?. Since y is one of the 
independent variables in h, clearly y is not intended to always be constant. However. if you're told to 
assume that, for some physical or mathematical reason, y is held constant at the value y = 5, and asked 
to differentiate h as a function of x, you would look at h(x, 5) = 5x°, and differentiate, to once again obtain 
15x°. If, instead, you're told to assume that y is held constant at the value y = 7, and asked to differentiate 
h as a function of x, you would look at h(x, 7) = 7x’, and differentiate to obtain 21x’. 

More generally, you could just be told to assume that y is held constant, without being told that 
the constant value is 5 or 7 or anything else specific; then, you can calculate the derivative of yx?, with 
respect to x, thinking of y as a constant; you find y-3x2. 

This process of taking the derivative, with respect to a single variable, and holding constant all 
of the other independent variables, is called finding (or, taking) a partial derivative. This is a fundamental 
mathematical concept that arises in many contexts. 

Definition : Suppose that we have a real-valued function z = f(x,y) of two real variables. Then, 
the derivative of f, with respect to x, holding y constant, is called the partial derivative of f, with respect 


to x, and is denoted by any of 
4 of 
x x f,Q,y), or f,Qy). 


In the same way, the derivative of f, with respect to y. Holding x constant, is called the partial 
derivative of f, with respect to y, and is denoted by any of 


&Z a 

a y’ Lay), or f(xy). 
We also use the partial derivative operators: 

a 2 

a and ay" 


which tell you to take the partial derivative with respect to x and y, respectively. 

We mention the notations f,(x,y) and f,(x,y) primarily because you may see them used in other 
books; there are also technical reasons why these notations are useful in some contexts. However, we 
shail avoid their use to indicate partial derivatives, since we like to reserve the notations f,(x,y) and f,(x,y) 
for use in denoting the component functions of a multi-component function f(x,y) = (f(x,y), f(x,y). In any 
case, we will explicitly state, or the context will make clear, what we mean by f,, f, or, more generally, f,, 

Example. Consider the fairly simple function 

z= f(xy) =e -y. 

We first take the partial derivative, with respect to x, thinking of y as a constant. Let's use all of 

our various notations just for practice. We find 


ot 
eX OX 
Now, we take the partial derivative, with respect to y, thinking of x as a constant. 


=fi(xy) = f(xy) = 2 (x? - 9) = 2. 
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We find 
é_ af é 
S=—=f (x y)=£,%y) =—(%? - y*) = -2y. 
a my) Loy) => ( y’) =~2y. 
Example. Of course, if you have a function, such as h(t) = 5t + In t, which depends on only one 
variable, the partial derivative is just the same as the ordinary derivative: 


chidh 
a dt 
It’s not wrong to write the partial derivative here, but it could be misleading in some cases; it might 
make someone wonder what the other variables are. 
Example. Find the partial derivatives of xy? + 5y?. 
First, caiculate the partial derivative with respect to x, by thinking of y as constant: 
we find 
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= oy? +5y°)=1-y? +0=y7, 
om 


Now, calculate the partial derivative with respect to y, by thinking of x as constant; 
we find 


er + Sy®) =x-2y +15y? = 2xy + 15y”, 
F 


(Another Definition) Let f : D > R, and (a, b) be any point of D. 
The partial derivative of f w.rt. x at the point (a, b), denoted as f,(a, b), is defined as 
tim f(a +h,b) - f(a,b) 
f,(@,b) = lim =p 
provided the limit exists. 
The partial derivative of f w.r.t. y at the point (a, b), denoted as f(a, b), is defined as 
f,(a,b) = lim {b+ k)= F(ab) 
90 k 
provided the limit exists. 
f(a, b), f(a, b) are called the first order partial derivatives of f at (a, b). 
Now the second order partial derivatives of f at (a, b) viz. 
f,(a, b), f(a, b), f(a, b), f(a, b). 
Defined as 


f,(a+h, b)-f, (a, b) 
h 


f,(a, b) = fim, , provided the limit exists. 


_ f(a, b +k) -f,(a, b) 
10,8) = im Bea 


. provided the limit exists. 
f hb) - f, (a,b: 
f,(a, b) = lim fee BF (GP) provided the limit exists, 
” neo h 
f,(a, b +k) - f,(a, b: 
f,(a, b) = im Efe BR Gleb) 


» provided the limit exists. 
0 k 


If function is continuous then f(a, b) = f,(@ b). 


In general, f,, (a,b) # f,, (ab) 
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Ex. The volume, V, of a right circular cylinder is given by 
V = arth, 
where r is the radius of the base, and h is the height. Suppose that the cylinder is some sort of 
container for which the height can vary, such as the interior of a piston. 
What is the instantaneous rate of change of the volume, with respect to the height, when the 
height is 0.3 meters, if the radius is held constant at 0.1 meters? 
Sol. We hold r constant and find 
a =m’, 
in cubic meters per meter (or, square meters). 


Thus, the instantaneous rate of change of the volume, with respect to the height, when the height 
is 0.3 m, and the radius is held constant at 0.1 m is 


al = x(0.1)? =0.01n m?/m. 
DT cmy-(0..03) 


Note that this result is independent of h, so that, in the end, we don’t need to use the data that 
h = 0.3 meters. 
Example. Suppose that we have the function 
w = f(x,y,z) = x sin(yz) + y’e? + x. 
Then, we find: 
ow. 2 
Pe = sin(yz) + 0+ 3x’, 


ON x(cos(yz))z + 2ye” +0, 
oy 


and 


la x(cos(yz))y + y’e? +0. 
ta 


Theorem : If U is a non-empty connected open subset of R", and f is a function on U such that 
all of the partial derivatives of f exist and are 0 at each point in U, then f is constant on U. 
Definition : The multi-component function 


of partial derivatives of a function f = f(x,,....X,) is called the gradient vector (function) of f. 
Its value at a point p is denoted either by Vf(p) or by Vip: 


Example. Consider f(x,y) = x? - y? . Then, 


= [ 


& A) _ poy oy ory — 
aay J 2y) = (x,y), 


and 


¥4(3,4) = (6,-8) = 2(3,-4). 
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Higher-order partial derivatives : 
Consider the function 
f(xy) = x2 + Sxy — 4y2. 
The partial derivatives are easy to calculate: 


ef 
—=2x+5y and 5 7x8. 


We now want to look at the second partial derivatives of f. 

A second partial derivative should be a partial derivative of a partial derivative. So, there are four 
second partial derivatives: you can first take two different first partial derivatives, with respect to x or y 
and then, for each of those, you can take a partial derivative a second time with respect to x or y. 

We introduce new notation, and caiculate 


a 
(2x + Sy) =2, 
a x + Sy) 


ef aa) @ 
. £/ S|. fxs 5y)=5, 
9 Bay 3(3) ay + 89) 
A). 2 yaya, 
ay) ex 
wt afa\ a 
wid = Se (S)-Z(6e-y)=-2. 


The two second partial derivatives f,, and f,, above, the ones with one partial derivative with 
respect to x and one with respect to y, are called mixed partial derivatives. 

Note that fe and fe ase equal in this example. While this is not always the case, it's true for 
“most” of the functions that we deal with. More precisely, we need the continuity condition given in the 
following theorem. 

Theorem : Suppose that f, f,, fy and Lim exist in an open ball around a point (x,, y,), and that ty 
is continuous at (Xp, ¥,). Then, f,(Xo. Yq) exists and 

i (x, ¥,) = f, Xor Y,)- 
Example. Let's try calculating some more-complicated partial derivatives. 
Suppose that 

z= f(x,y) = x sin(xy) + 3y4. 

We want to calculate the partial derivatives af/ex and Cf/cy. Note that x sin(xy) is the product of 
two functions of x, which will require the Product Rule when differentiating with respect to x. However, 
when we take the partial derivative with respect to y, we should think of x sin(xy) as being a “constant” 
times a function of y; hence, we will not need the Product Rule when applying ¢/cy. 

We find : 


a. x LZ (sino) + sin(xy) Zo +0 =xcos(xy) Loy) + sin(xy) 


=[xcos(xy)]-y + sin(xy) = xy cos(xy) + sin(xy), 


and 
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a 8 fas, 3 é 3 
—=x-—(sin(x 12y? = xcos(xy)-—(xy) +12! 
re ay (xy) + 12y (xy) ay) y 

= xcos(xy)-x+12y? = x? cos(xy) +12y*. 
Ex. Suppose that g(x,y) = xe’ + y® tan'x. Calculate the dot product. 


¥o(1.1)-(2,-2). 


>, xe” +2ytan" x} 
+x 


= y? 
Sol. We find vo-[er or 


and so Folt1)-(2+3.042-2)-(e+3.0+5} 


Therefore, 


2 2 


=2{e+3}+(-2(e+2)=1-1 


Definition : Suppose that f(x,, x,,....x,) is a real-valued function whose domain is a subset of R’. 


a(11)-(2-2) = (erpe +3} @-2) 


Then, we define the partial derivative of f with respect to x, to be 


Ei LX Xi XFL Xiespe Ma) = FMgoees Xp Xi Minter Xa) 


Ox, h0 h 


provided that this limit exists. If the Limit fails to exist, then we say that the partial derivative is 
undefined. 

Recalling that e, denotes the i-th standard basis element and letting x = (x,,X,,...x,), then the 
definition above is equivalent to 

aA =lim f(x +he)-f(x)_ 
OK, 0 h 

Theorem : If u is a non-empty connected open subset of R", and f and g are two functions on 
u such that all of the partial derivative of f and g exist and are equal at each point in u, then f and g differ 
by a constant on u, i.e., there exists a constant C such that, for all p in u, f(p) = g(p) + C. 

Theorem : Suppose that f(x,,x,,....X,) is a real-valued function such that f and all of its partial 
derivatives of order less than or equal to r are defined and continuous on an open subset u of R". Then, 
at each point p in u, every partial derivative of order r is independent of the order in which the partial 
derivatives are calculated. 

Example. Suppose that 

f(x,y,z) = x5y’z? + xe + y? sin(3x - 52). 

Then, Theorem implies that 


otf ef at 


which are equal to every other 4th order partial derivative that's with respect to x twice, and y and 
Z once each. 


Eduncle Mathematics (Functions of Two or Three Real Variables) 


They're all equal to 

840x3y°z° + 90y cos(3x — 5x). 
Example. Let 

f(r, 8) = (F cos 6, r sin 6). 
Then 

f, = (cosd, sin®), 

f, = (4 sin 8, r cos 6), 

f, = (0, 0) 

f,, = (1 cos 8, -1 sin 6), 
and 


f, = f,, = (-sin®, cosé). 
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5. DIFFERENTIABILITY OF TWO VARIABLES 


Definition : Let f : D —» R be a real-valued function defined. Then f is said to be differentiable 
at a point (a, b) < D, if 
f(a + h, b + k) - f(a, b) = Ah + Bk + Yh? +k? g(h, k), 
where A and B are real numbers independent of h and k, and g is a real-valued function such 
that nal, 0) g(h, k) = 0. 


Equivalently, f is differentiable at (a, b), if 
fla +h, b + k) - fla, b) = Ah + Bk + hgh, k) + ky(h, k) 

where A and B are real numbers independent of h and k and 4(h, k), w(h, k) — 0 as (h, k) > 
(0, 0). 

Theorem : If a function f : D — R is differentiable at (a, b) < D, then f has partial derivatives f, 
and f, at (a, b). 

Proof. Since f is differentiable at the point (a, b) < D, so there exist real numbers A and B, and 
a function g such that 


0) f(a +h, b + k) - f(a, b) = Ah + Bk + vh? +k? g(h, k), (1) 
(ii) A and B are independent of h and k, and 


(i) lim g(h,k)=0. 


.4)-(0.9) 
Putting k = 0 in (1), we have 

f(a +h, b) - f(a, b) = An + | h | g(h, 0). 
Dividing throughout by h, and taking limits as h > 0, we have 

lim fla rh b)= f(a, b) » Zileib) Jim [4 + hen 0] 

= A+ (t 1).0 =A, since g(h, 0) >0 ash > 0. 

# f(a, b) =A. 
Putting h = 0 in (1), we have 

fla, b + k) — fla, b) = Bk + | k | g(0, k). 
Dividing throughout by k, and taking limits as k -» 0, we have 


im f(a, b +) Hab) =B, 
f(a, b) = B. 
Hence f, and i, exist at the point (a, b). 
Remark 
1 It may be noted that the constants A, B appearing in the definition of differentiability of f 
are given by : 
A= f(a, b), B = fa, b). 
2. If either of f,, f, does not exist at (a, b), then f is not differentiable at (a, b). 


Ex. Let f : R? — R be defined by setting. 
f(x, y) = xy / V0e + y’), when (x, y) # (0, 0), f(0, 0) = 0. 
f, and f, exist at (0, 0) but f is not differentiable at (0, 0). Also f is continuous at (0, 0). 
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Sol. 


. f(h,0) — (0,0) 
100.0) = in = 


£,(0, O)= tim, im 


£(0, k)-f(0,0) _ 
k ~K 


Thus f,(0, 0) and f,(0, 0) both exist and are equal to 0. 
Let, if possible, f be differentiable at (0, 0). Then 
f(h, k) - (0, 0) = Ah + Bk + V(h? + k?) g(h, K), (1) 


where ,,, im, ,, g(t. k) > 0, (2) 


fh.) + (0,0) 
and A= f(0, 0) =0,B= 1,0, 0) = 0. 
From (1), we obtain 

hk/v(h? + k’) - 0 = 0.h + O.k + V(h? + k?) g(h, k), 
or g(h, k) = Wak: 


Taking k = mh, we see that 


lim g(h, mh) = which depends on m. 


14m?" 
Thus. ‘i tim, ath, k) does not exist, which contradicts (2). 


Hence f is not differentiable at (0, 0) f is continuous at (0, 0). 


Theorem : If f(x, y) is differentiable at a point (a, b), then it is continuous at (a, b), but converse 


need not be true. 


i.e. Differentiability implies continuity but continuity need not imply differentiability. 
Proof. Since f(x, y) is differentiable at the point (a, b), therefore 


f(a +h,b +k) - f(a,b) — hf, (a,b) — kf, (a,b) 4 


im 0 
(KO) fin +k?) 
= 7 sim, [fa +h,b +k) —f(a,b) —hf, (a,b) —kf, (a,b) ] =0 
> al, +h,b+k)=f(a,b) 


which shows that f is continuous at (a, b). 
Remark: If a function f : D — R is differentiable at a point (a, b) « D then all of its partial derivative 


exists but not conversely i.e. the existence of partial derivatives of the function f at a point does not imply 
it is differentiable. 


Theorem : If a function f : D — R has continuous partial derivatives f, and f, at (a, b) € D, then 


f is differentiable at (a, b). 


Proof. Since f, and f, are continuous at (a, b), so f, and f, both exist in a nbd. N = N((a, b), 5) 


of (a, b). Let (a + h, b + k) be any point of N. We have 


f(a + h, b + k) - f(a, b) = [f(a + h, b +k) - f(a + h, b)] + [f(a + h, b) - fla, by] ...(1) 
We define two functions G and H as follows : 
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Gy) = fa+h,y) vy « fb, b + kl, 
and H(x) = f(x, b) vxe[la,a+ hl. 
Since f, exists in N, so the function G satisfies both the conditions of Lagrange's mean value 
theorem in [b, b + k]. Thus there exists a 6,(0 < 0, < 1) such that 
G(b + k) — Gib) = kG'(b + 6,k) 
or f(a +h, b +k) - fa +h, b) = khfa +h, b + OK). ...(2) 
Similarly, since H satisfies both the conditions of Lagrange’s mean value theorem in [a, a + hj, 
there exists 0,(0 < @, < 1) such that 
f(a + h, b) ~ fla, b) = h f(a + 6,h, b). (3) 
Using (2) and (3) in (1), we obtain 
f(a + h, b + k) - f(a, b) = f(a + @,h, b) + kf(a + h, b + 0,k) 
= hf (a, b) + kf,(a, b) + hif(a + O,h, b) - f(a, bl + kif(a + h, b + 0,k) - f(a, b)] 


= hf,(a, b) + kf (a, b) + (h? + 2). F(h, ), 4) 
where F(h, k) = hif,(a + @,h, b) - f(a, b)I/v(h? + k2) 
+ Kif(a +h, b + 0,K) - f(a, Bh? + Ke). (5) 


Since f, and f, are both continuous at (a, b), so 


nll, f,(a + 8,h, b) =f, (a, b), 

id it ‘< (6) 
an nll, f(a +h, b+ 0k) =f, (a,b) (6) 
From (5) and (6), we obtain 

ant, 4, F(t. k) =0 A) 
‘ h k 
eiee re +k)| | | th? +k) 


for all value of (h, k), such that h? + k? # 0. 
From (4) and (7), we get 
f(a + h, b + k) - f(a, b) = h(a, b) + kf (a, b) + v(h? + k?) F(h, k), 
where F(h, k) > 0 as (h, k) > (0, 0). 
Hence f is differentiable at (a, b). 
Remark : If a function f is not differentiable at (a, b), then f, and f, cannot be continuous at (a, b). 


Theorem : If a function f(x,y) is totally differentiable the partial derivatives f, and is both exist and 
are finite. 


Proof. Let f(x,y) be totally differentiable at the point (a,b), then there exist two constants a and 
B such that 


f(a+h, b+k)—f(ab)-ah—-bk _ 


alo Vee) 
= py flb HO H6B)-Bh og pug n= 0 
= flob+k)=f(a) 5 
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> f(a, b) = B 
Similarly, f,(a,b) = a. 
Accordingly by theorem a function f(x,y) can be defined at the point (a,b), if 
f(a +h,b +k) — f(a,b) — hf, (a,b) — kf, (a,b) 
im = 
thk}-+(0,0) Ay +k?) 


Total Differential : 
Theorem : If u = f (x, y) be any differentiable function, then 
du = f, (x, y) dx + f, (x, y) dy. 
Proof. Let u = f(x, y) be any differentiable function, then 
du = (u+ du)-u=f(x+h y+k)-f dy) 


0. 


_f(x+hy +k)-fQuy +k), | fey +k)-flny) , 
h , k , 


Hence h — 0 and k - Oi.e., taking vb? +k? 30, 


aie. eR f(x+hy +k)- f(xy +h) ay ee f(x,y +k)- f(xy) dy 
(he) +(0.0) h (hk)+(0,0) k 
= £,%, y) dx + £(%, y) dy, [by mean value theorem] 

Here du is the total differential of u. 
Sufficient Condition for Differentiability: 

Theorem : if (a, b) be a point of the domain D c R? of a real. valued function f(x, y) such that 

(i) f,(a,b) exists (ii) f,(x,y) is continuous at (a,b), then f(x,y) is differentiable at (a,b) 

Proof. Let ¢ > 0 be given. Since f,(x,y) exists at (a, b), therefore there exists a 8, > 0 such that 
Ihl < 5,, then 


f(a +h,b) - f(a,b) & 
h f,(a,b) < 5 
f(a +h,b) - f(a,b) 
Let fe enn)-Ne) (a,b) =n, A) 
where In| < /2. 
Again £& y) exists and continuous at (a, b), therefore by mean value theorem, 
f(a + h, b + k) — f(a + h, b) = k f(a + h, b + 6k) (0 < O< 1) (2) 


Now consider the following : 


Fura +hb+k)-f(a,b)-hf,(a,b)-k f,(a, 0] 
5 


[f(a+h,b+k)- f(a +h,b) + f(a +h,b) - hf, (a,h,b) - (a,b) - hf, (a,b) - Kan] 


| 
gts 


|p f,(a+h,b + 0k) +h f,(a,b)+nh—h £,(a,b)-k ston] [by (1) and (2)1 
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ky h 
f, (a +h,b + Ok) f, (a,b)! + an 
ne +k?'” ee Ihe kE 


h 
if, (a + bb + 0k) - f,(a,b)| + 
[n,¢ ,(a,b)| Foe (3) 
Since £K y) is continuous at (a, b), therefore for |h| < 6, and [k| < 5, there exist 5, > 0 such that 
I f(a +h, b +k) - fa + b) | < £/2 (4) 
Since h = 0, k + 0, then 
ul <1 <1 5) 
rome Nerd (6) 


Let 5 = min(8,, 5,), then [hl < 5 and |kI < 8, 
With the help of (4) and (5), the inequality reduces to 


1 
Vb? +k? 


[f(@ +h,b +k) - f(a,b) - nf, (a,b) - kf, (a,b) | 


<e/2+e/2=e b-|nf<e/2] 
Now taking « > 0 ash >0,k > 0, 
f(a+h b+k)-f(0,b)—hi,(ab)-k (ab) _ 
{hk}-+(0,0) vh? +k? ies 
Consequently, f(x,y) is differentiable at (a,b). 
Some theorems of Differentiability of Real Valued Functions of Two Variables: 


Theorem : If f(x,y) and g(x,y) are differentiable at (a,b) then their Sum, Difference, Product and 
Quotient are also differentiable at the point (a, b) ie., : 


(i) f(x, y) + g(x, y) is differentiable and d(f + g) = df + dg. 
(ii) f(x, y) 9(x, y) is differentiable and = d(fg) = fdg + gdf. 
(iii) f(x, y) / a(x, y) is differentiable when (x, y) + 0 


and = d(fig) = (gdf - fdg) / g? 
Condition for Differentiability in Polar Co-ordinates : 
Let f(x. y) be differentiabie at (a, b), then 
f(a+h, b+k)-f(a,b)—h f,(a,b)-k f, (a,b) 26 
(n40-+(0.0) Vie+k? = 


Substituting h = r cos 6 and k =r sin 6 and taking limit r — 0, 


im| He-reeost, paren) tan) —cos6f, (a,b) — snot (a)| =0 


f(a+rcosé, b+rsin8) 


> lim: = cos @f, (a,b) + sin6f, (a,b). 


r90 T 
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Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


f(xy) = eo. when (x,y) # (0,0) 
iF » when(x, y) = (0,0) 


Show that the function f is not differentiable at the origin. 


f,(0,0) =lim~ = 
ae } 
 LO+k? 
£,(0,0) =lim k =-1 


Both the partial derivatives exists but are not equal. Therefore, f is not differentiable at (0, 0). 


Show that the function f(x, y) defined by 


x sind s y? sin. when x20, y#0 


f(x,y) = 
0, when x=0,y=0 
is differentiable at (0, 0). 
By definition, 
mn 

f (0,0) = tim £90) = £00.0) _ jpg h*sin(1/h)-0 _tinnsind 0 

i hod h nd fh noo A 
Similarly, £0. 0)=0 
Now h =r cos@ and k = Fr sin 8, then 


lim) {(£2088, FN) 00.0) _ cosof,(0,0)—sina, (0, 0] 


ae Fi 
| 2608? @sin(—! 2 sin? osin( — 
1 cos’ @sin +r sin’ @sin 
a \rcos® sing 
=lim, 
10 r 
L 


[-- (0,1) = 0, £,(0,0) = 0 and £,(0,0) = 0] 


=limr! cos? @sin 1 sin? osin(_ 1 =0. 
od rcos® (rsine 


Hence the function f(x,y) is differential at (0,0). 
Let f : R? > R be defined by setting 

f(x, y) = x? sin (1/x) + y? sin (1/y), when xy # 0, 
f(x, 0) = x? sin (1/x), when x # 0, 

{(0, y) = y? sin (1/y), when y # 0, 

f(0, 0) = 0. 
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Sol. 


Ex. 


Sol. 


We have 
f(x, y) = 2x sin (1/x) — cos (1/x), x # 0, (1) 
£,(0, y) = 0. 

Again f(x, y) = 2y sin (1/y) - sin (1/y), y « 0, 
£(x, 0) = 0. 


Since lim cos (1x) does not exist, so by (1), f, is not continuous at (0, 0). Similarly f, is not 
continuous at (0, 0). 


ie 2 a 
Now £(0, 0) = tim ££:0)= £0010) _ jpg é sin(1/h) — 0 
a ho h hoo h 
= lim, h sin (1/h) =0. 


Similarly f,(0, 0) = 0. Thus f,, f, both exist at (0, 0) but are not continuous at (0, 0). 
f is differentiable at (0, 0). 
We shail verify that 


f(b, k) - (0, 0) = Ah + Bk + yh? +k? g(h, k) (2) 
eres Poilti ath, k) = 0 
We know A = £,(0, 0) = 0, B = £(0, 0) = 0. Also f(0, 0) = 0. (3) 


From (2) and (3), we obtain 


he sin (1/h) + k? sin (1/k) = Vh? +k? g(h, k) 


h k 
or h, k) = . bsin (1/h) Kk sin (1/k) 

Opa ee 

<h sin (1/h) + k sin (1/k) (oh, k svhP +k?) 

all, 0 g(h, k) =0. [- lim h sin (vn) =0 =limk sin(1/k)] 


Hence f is differentiable at (0, 0). 


Show that the function f(x,y) = ,/x? + y is not differentiable at (0, 0). 


at 
If f were differetiable then the partial derivatives x (0, 0) would exist. But that partial derivative 
@ 


is the limit 


fim £00.9)- 100.0) _ in 
hoo h hod 


vit 
h 


Now notice that 


is +1 if h > 0 and -1 if h < O. Therefore, the limit as h > 0 does not exist 


and so the partial derivative does not exist. Hence f(x,y) is not differentiable at (0, 0). 
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Ex. — Show that the function 


xy 
foayafeaye O09) 


0 otherwise 


is not continuous at (0, 0) (and therefore not differentiable there) even though f,(0,0) and f,(0,0) 
exist. 


Sol. Continuity implies that 
lim, fy) = £(0,0) =0 


(y)-¥(0.0) 


along any curve through (0, 0). If we approach the origin along the line y = x then : 


: A X-X 1 
ahh g (OEY) = Am, xa 2” (0.0). 


Hence, f(x,y) is not continuous at (0,0). However, the partial derivatives do exist at (0,0) : 


£(0,0) = tm "9 £0.9) ry 0=0 
_— £(0,h)- (0,0) _, 
10,0) = fi -“O TOO _ im 0-0 


Theorem : If f(x,y), f,Qcy), and fy) are continuous for all (x, y) in the disk (x - a)? + (y - b)? 
< 5, for some 6 > 0 then f(x, y) is differentiable at (a, b). 


Ex. In what region is the function f(x,y) = Vy? -x? differentiable? 


Sol. Since f(x,y) = —x(y? — x’) and f(x,y) = y(y? — x’), according to the above theorem the function 
is differentiable everywhere in the region above y = |x| and below y = —|x] as shown in Fig. 
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6. MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES 


Reminder 

For a function of one variable f(x), we find the local maxima/minima by differentiation. Maxima/ 
minima occur when f'(x) = 0. 

e x = ais a maximum if f'(a) = 0 and f’(a) < 0; 

. x = a is a minimum if f(a) = 0 and f(a) > 0; 

A point where f"(a) = 0 and f”(a) + 0 is called a point of inflection. Geometrically, the equation 
y = f(x) represents a curve in the two-dimensional (x,y) plane, and we call this curve the graph of the 
function f(x). 
Functions of two variables 

Our aim is to generalise these ideas to functions of two variables. Such a function would be 
written as 

z= f(xy) 

where x and y are the independent variables and z is the dependent variable. The graph of such 

a function is a surface in three dimensional space. A simple example might be 


1 
z=. 
Tex? sy? 


z is the height of the surface above a point (x,y) in the X-Y plane. 

For functions z = f(x,y) the graph (i.e. the surface) may have maximum points or minimum points 
(or both). But for surfaces there is a third possibility - a saddle point. 

A point (a,b) which is a maximum, minimum or saddle point is called a stationary point. The actual 
value at a stationary point is called the stationary value. What we need is a mathematical method for 
finding the stationary points of a function f(x,y) and classifying them into maximum, minimum or saddle 
point. This method is analogous to, but more complicated than, the method of working out first and 
second derivatives for functions of one variable. 

Let's remind about partial derivatives. The sort of function we have in mind might be something 
like. 

f(xy) = xy? + 3y + x 
and the partial derivatives of this would be 


& _oyys +1 
OK 
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ef 6 xy? a 
ayax + same as ZyGy 


Note that 


ef af 


éxéy — byox 


This is true for any well behaved function. In terms of notation, we will frequently use the other, 
subscript, notation for partial derivatives: 


fe Sige, 
ox oy 
4 ot vt Oty cae 


Be Gy? Byax  Gxay 


Finding stationary points 


a 
To find the stationary points of f(x,y), work out pal and y and set both to zero. This gives you 


two equations for two unknowns x and y. Solve these equations for x and y (often there is more than 
one solution, as indeed you should expect. After all, even functions of one variable may have both 
maximum and minimum points). 


Classifying stationary points 


The procedure for classifying stationary points of a function of two variables is analogous to, but 
somewhat more involved, than the corresponding ‘second derivative test’ for functions of one variable. 
Below is, essentially, the second derivative test for functions of two variables: 


Let (a,b) be a stationary point, so that f, = 0 and f, = 0 at (a, b). Then: 
e if ff, - {% < 0 at (a,b) then (a,b) is a saddle point. 


ry if thy - led > 0 at (a, b) then (a,b) is either a maximum or a minimum. 


Distinguish between these as follows: 
- if f,, < 0 and f,, < O at (a,b) then (a,b) is a maximum point 
- if f,, > 0 and f,, > 0 at (a,b) then (a,b) is a minimum point 
If ff, fj, = 0 then anything is possible. More advanced methods are required to classify the 
Stationary point properly. 


Let's give some idea where the above conditions come from. It is all based on Taylor’s theorem 
for a function of two variables. Taylor's theorem for a function of one variable is 


2 
f(a +h) = f(a) + h(a) + Trea) ee 
For a function of two variables Taylor's theorem is 


vf 
mY 


f(a+hb+k)= fab) +h * (a) +8 Kayne ab) + 2hk = 


ab)+k? = =00)| 


+ higher order (and more complicated) terms 
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The higher order terms can be neglected in straightforward cases. Lets suppose (a,b) is a 
maximum point. Then f, = 0 and f, = 0 at (a,b) and, because (a,b) is a local maximum the function must 
be smaller at neighbouring points, i.e. when h and k are sufficiently small, 

f(a + h, b + k) < f(a, b) 

But from Taylors theorem, neglecting higher order terms and noting that the first derivative terms 

are zero at (a,b), 


1 
fla +h, b+ W) = f(a,b) + SIh’, + 2hkt, + Kt] at (a,b). 


However f(a + h, b + k) < f(a, b), hence 
hf, + 2nkf, + kA, < 0 at (a,b) 
for all small values of h and k. Dividing by k? gives 


2 
() fae + 2(P\r +f, <0. 


Let & = h/k. Then even though h and k are both small, doesn't have to be small. 
So we have 
fe + 2fe+f, <0 for all real numbers é. 
Thus we have a quadratic expression that is negative for all values of its variable § (and so, in 
particular, has no roots). A few graphs will show that this is only possible if f, < 0, is < 0 and 
toby -fh > 0 - the latter condition is the one to do with having no roots. All these inequalities hold at 
(a,b). 
Similar analysis yields the conditions under which a stationary point is a minimum or saddle point. 
Definition 
1. A function f(x, y) is said to have a maximum at a point (a, b) if there exists a nbd. N of 
(a, b) such that 
f(a +h, b +k) < f(a, b) y (a +h, b +k) € N ~ (a, b)}. 
The set N ~ {a, b)} is called a deleted nbd. of (a, b). 

2. A function f(x, y) is said to have a minimum at a point (a, b) if there exists a nbd. N of 
(a, b) such that 
f(a + h, b + k) > f(a, b) y (a +h, b +k) € N ~ (a, b)}. 

3. A function f(x, y) is said to have an extremum at a point (a, b) if it has either a maximum 
or minimum at (a, b). 

Theorem : If a function f(x, y) has an extremum at any point (a, b) of the domain of f and if f 
admits of partial derivatives f, and f, at (a, b), then 

f,(a,b) = 0 and fa. b) = 0. 

Proof. Suppose f(x, y) has a maximum at (a, b). Then the function f(a, b) of a single variable x 

must have a maximum at x = a and so 


f(a, b) = 0 when x = aie., f(a, b) = 0. 

Again the function f(a, y) of a single variable y must have a maximum at y = b and so 
f(a, y) = 0 when y = bie, fla, b) =0. 

Exactly similar is the case when f has a minimum at (a, b). 


4. A point (a, b) is said to be a critical point for a function f(x, y) if f, and f, both exist at 
(a, b) and 
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f(a, b) = 0, f(a, b) = 0 
If (a, b) is a critical point for a function f(x, y), then f(a, b) is called a stationary value of f. 
Ex. Find the maxima and minima of the function 
f(x, y) = x8 + y? — 3x — 12y + 20. 
Sol. We have 
f, = 3x? - 3, f, = 3y? - 12, f, = 6x, f, = 6y, f, = 0. 
To determine the critical points, we solve 
f,= 0, f, = 0 => 3x°-3=0, 3y-12=0 
> x= +1, y = + 2. Hence the critical points are 
(1, 2), (1 - 2), (-1, 2), (-1, -2). 
At (1, 2), 
A=f, = 6 > 0, B=0, C=12. 
AC -BP=f,.f,-(f,2 = 6 * 12-0=72>0 
Thus f has minimum at (1, 2). 
A (1, -2), 
AC - B? = 6 x (- 12)-0 <0. 
Thus f has neither maximum nor minimum at (1, —2). 
At (-4, 2), 
AC - B? = -6 x 12-0<0. 
Thus f has neither maximum nor minimum at (-1, 2). 
At (-1,-2),A=-6 <0, 
AC - B? = (-6)(-12) - 0 > 0. 
Thus f has maximum at (—1, —2). 
Example. —_Lets work out the stationary points for the function 
f(xy) = xe + ¥? 
and classify them into maxima, minima and saddles. 
We need all the first and second derivatives so lets work them out. we have 


f, = 2x 
f, = 2y 
f,2 2 
f, = 2 
f=0 


For stationary points we need f, = f, = 0. This gives 2x = 0 and 2y = 0 so that there is just one 
stationary point, namely (x,y) = (0,0). We now need to classify it. 
Now 
ff, -— & = Q(2)-0=4>0 
so it is either a max or a min. But f,, = 2 > 0 and f,, = 2 > 0. Hence it is a minimum. Our 
conclusion is that this function has just one stationary point (0, 0) and that it is a minimum. 


Example. f(xy)=ee 


The first and second order partial derivatives of this function are : 


f, = —2xe br) 
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(8 ry? 
f,=-2ye""" 


f,, =-2e (1 2x?) by the product rule 
fy =-2e (1-2) 
f, = 4xye 
ny 
Stationary points are when f, = 0 and f = 0 and so there is only one stationary point, at (x,y) = 
(0, 0). Substituting (x,y) = (0,0) into the expressions for f,,, ty and f gives 
f, = -2, f, = -2, f= 0 
i " 
Therefore 
ff, — fy = (-2) (-2)- = 4>0 


So that (0,0) is either a min or a max. Since f,, < 0 and f,, < 0 it is a maximum. 
Example. f(xy) = 2-x-xy-y? 
For this function 


f= -2x-y 
f, = -x - 2y 
fe Se 
f, = 2 
f=-4 

” 


For stationary points, -2x — y = 0 and -x - 2y = 0 so again the only possibility is (x, y) = (0,0). 
We have 


fafy — fy = C2) (-2)- (1 = 3>0 


so that (0, 0) is either a max or a min. Since f,, < 0 and f,, < 0, So it is a maximum. 
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(Functions of Two or Three Real Variables) 


We extend our study of multivariable functions to functions of three variables. 

Definition. Function of Three Variables. Let D be a subset of R°. A function f of three 
variabies is a rule that assigns each triple (x, y, z) in D a value w = f(x, y, z) in B. D is the domain 
of f; the set of all outputs of f is the range. 

Note how this definition closely resembles that of Function of two variables. 


x? +2+43sin(y) 


Ex. Let f(x, y, z) = x4 2y-2 


of f. 


. Evaluate f at the point (3, 0, 2) and find the domain and range 


3?7+2+3sin(0) _ 
3+2(0)-2 © 
As the domain of f is not specified, we take it to be the set of all triples (x, y, z) for which f(x, 
y, Z) is defined. As we cannot divide by 0, we find the domain D is 
D = {(x, y, 2) |x + 2y — z = O}. 

We recognize that the set of all points in R° that are not in D form a plane in space that passes 

through the origin (with normal vector (1, 2, —1)). 

We determine the range R is 2; that is, all real numbers are possible outputs of f. There is no 

set way of establishing this. Rather, to get numbers near 0 we can let y = 0 and choose z = — 

x, To get numbers of arbitrarily large magnitude, we can let z = x + 2y. 

Level Surfaces 

If is very difficult to produce a meaningful graph of a function of three variables. A function of one 
variable is a curve drawn in 2 dimensions; a function of two variabies is a surface drawn in 3 dimensions; 
a function of three variables is a hypersurface drawn in 4 dimensions. 

There are a few techniques one can employ to try to “picture” a graph of three variables. One 
is an analogue to level curves: level surfaces. Given w = f(x, y, z), the level surface at w = c is the 
surface in space formed by all points (x, y, z) where f(x, y, z) = c. 

Ex. Finding level surfaces. If a point source S$ is radiating energy, the intensity | at a given point P 
in space is inversely proportional to the square of the distance between S and P. That is, when 

S = (0, 0, 0). 


Sol. {(3, 0, 2) = 


Paya + 7 for some constant k. 
Let k = 1; find the level surfaces of |. 

Sol. If energy (say, in the form of light) is emanating from the origin, its intensity will be the same at 
all points equidistant from the origin. That is, at any point on the surface of a sphere centered 
at the origin, the intensity should be the same. Therefore, the level surfaces are spheres. 

We now find this mathematically. The level surface at | = c is defined by 
1 


x, y, 2) = 


A small amount of algebra reveals 
1 
eyez a— 
c 


Given an intensity c, the level surface | = ¢ is a sphere of radius 1/ Vc, centered at the origin. 


Ed 


€ Eduncle Mathematics (Functions of Two or Three Real Variables) 


Definition 
Open Bails, Limit, Continuous 
1. An open bail in F? centered at (x,, Y,, Z,) with radius r is the set of all points (x, y, z) such 
that J(x-x,) +(y-yo) + (2-2) = 
2. Let D be an open set in P? containing (x,, y,, Z,), and let f(x, y, z) be a function of three 


variables defined on D, except possibly at (x,, y,, Z,). The Mmit of f(x, y, z) as (x, y, Z) 
approaches (x,, y,, Z,) is L, denoted 


f(x,y,z) =L, 


lim 
(1.92) 9040.90.20) 
means that given any « > 0, there is a 5 > 0 such that for all (x, y, Z) # (Ky Yor 2), if (&% 
y, Z) is in the open ball centered at (x5. Yq, Z,) with radius 6, then If(x, y, z) - LI < . 
3. Let f(x, y, 2) be defined on an open ball B containing (x,, y,, Z,). f is continuous at (x, 


Yy Z) if f(%,y,Z) = F(Xo,¥o.20). 


These definitions can also be extended naturally to apply to functions of four or more variables. 
Theorem also applies to function of three or more variables, allowing us to say that the function 


lim 
(6Y.2)-9085 ¥ 9-25) 


fOxy,2)=2 wy 2 +3 
sin(xyz) +5 
is continuous everywhere. 
Partial Derivatives and Functions of Three Variables 
The concepts underlying partial derivatives can be easily extend to more than two variables. We 
give some definitions and examples in the case of three variables and one can extend these definitions 
to more variables if needed. 


Definition : Partial Derivatives with Three Variables. Let w = f(x, y, z) be a continuous 
function on an open set S in k?. 


The partial derivative of f with respect to x is : 


— tim fOx+hyy.z)-f(xy,z) 
10.9.2) = ry AY) 


Similar definitions hold for £ y, 2) and f,(x, y, 2). 
By taking partial derivatives of partial derivatives, we can find second partial derivatives of f with 
respect to z then y, for instance, just as before. 
Ex. Partial derivatives of functions of three variables. 
For each of the following, find f,, f,, f,, fs fy and f,. 
1. f(x, y, Zz) = x2y2zt + x2y?2 + x8Zz3 + y4zt 
2: f(x, y, 2) = x sin(yz) 
Sol. 1. f= 2xy’zt + 2xy? + 3x2z3; 
f= 3x2y2z4 + 2x2y + 4yizt 
f= 4x2yiz? + 3x3z2 + dy!z3 
f, = 8xy2z? + 9x2z?; 
f,, = 12x’y?z? + 16y°z?; 
f= 12x2y2z? + 6x°z + 12y!z2 


(Functions of Two or Three Real Variables) 


f, = sin(yz); 

f, = xz cos(yz); 

f, = xy cos(yz); 

f,, = y cos(yz); 

fy, x cos(yz) — xyz sin(yz); 
f,, = -xy* sin(xy) 

Higher Order Partial Derivatives 


We can continue taking partial derivatives of partial derivatives of partial derivatives of ...; we do 
not have to stop with second partial derivatives. 


We do not formally define each higher order derivative, but rather give just a few examples of the 


notation. 
e faa) efasa 
fye(X¥) = —| —| — |] and f,,(x,y,zZ)=—! —| — 
he ¥) 2(£(5)} and foe(%¥.2) 2(2(3) 
Ex. Higher order partial derivatives. 
1. Let f(x, y) = x7y? + sin(xy). Find f,,, and f,,.. 


2 Let f(x, y, z) = xe” + cos(z). Find f,,. 
Sol. 1. To find f,,,, we first find f,, then f,,, then f,,: 
f, = 2xy? + y cos(xy) 
f,. = 2y? — y? sin(xy) 
fy = 4y — 2y sin(xy) - xy? cos(xy). 
To find foo we first find fe then fat then fe 
f, = 2x’y + x cos(xy) 
is = Axy + cos(xy) — xy sin(xy) 
fe = 4¥ — y sin(xy) — (y sin(xy) + xy? cos(xy)) 
= dy — 2y sin(xy) — xy? cos(xy). 
Note how f,, = fra: 
2. To find faa we find f,, then fy then far! 
f, = 3x°e” + x yer 
f, = 8x ev + x ev + xt yer = 4x? en + xt yer 
fy = 0. 

In the previous example we saw that fg = faa this is not a coincidence. While we do not state 
this as a formal theorem, as long as each partial derivative is continuous, it does not matter the order 
in which the partial derivatives are taken. For instance, f, 
Differentiability of Functions of Three Variables 

The definition of differentiability for functions of three variables is very similar to that of functions 
of two variables. We again start with the total differential. 

Definition : Total Differential. Let w = f(x, y, z) be continuous on an open set S. Let dx, dy and 
dz represent changes in x, y and z, respectively. Where the partial derivatives fy f and f, exist, the total 
differential of w is 


oy Sr Yee = fot 


dz = £% y, z)dx + f(x,y, z)dy + £% y, zdz 
This differential can be a good approximation of the change in w when w = f(x, y, Z) is differentiable. 
Definition : Multivariabie Differentiability. Let w = f(x, y, z) be defined on an open ball B 
containing (X,, Yo. Z,) where f(y, Yor Ze 1 Xe Yq Z,) and £.% Yq 2,) exist. Let dw be the total differential 
of w at (X, Yq, 2,). Let Aw = f(x, + dx, y, + dy, Z, + dz) — f(x,, ¥_. Z,), and let E,, E, and E, be functions 
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of dx, dy and dz such that 
Aw = dw = E,dx + E,dy + E,dz 
1. fis differentiable at (x,, Yy Z,) if, given ¢ > 0, there is a & > 0 such that if Idx, dy, dz)ll 
< 6, then IKE, E,, E)Il < e. 

2. fis differentiable on B if f is differentiable at every point in B. If f is differentiable on R°, 

we Say that f is differentiable everywhere. 

Just as before, this definition gives a rigorous statement about what it means to be differentiable 
that is not very intuitive. We follow it with a theorem similar to Theorem. 

Theorem : Continuity and Differentiability of Functions of Three Variables. Let w = f(x, y, 
Z) be defined on an open bail B containing (x, Y,. Z,). 

1. If f is differentiable at (x,, y,, Z,), then f is continuous at (x, ¥, Z,). 

Z iff, f, and f, are continuous on B, then f is differentiable on B. 

This set of definition and theorem extends to functions of any number of variables. The theorem 
again gives us a simple way of verifying that most functions that we encounter are differentiable on their 
natural domains. 

This section has given us a formal definition of what it means for a functions to be “differentiable,” 
along with a theorem that gives a more accessible understanding. The following sections return to 
notions prompted by our study of partial derivatives that make use of the fact that most functions we 
encounter are differentiable. 

Maxima & Minima of Three Variables Functions 

Let u = f(x, y, 2) be a function of three variables x, y and z, then we can find the maximum and 
minimum value of the function as like the two variables. 

Suppose f(x, y, Z) is a given function of three independent variables x, y and z. 


af 
° Find a & and <. 
ox’ by OZ 
° Now solve the equations at: =0, il =0 and sah =0. 
OX 6 dz 
e After solving we get the points at which the function f(x, y, z) may be maximum or a 
minimum that are 
(a, b,, ¢,), (a, b, ¢,), ... 
° To discuss the maximum or minimum value of f(x, y, z) at any point (a,, b,, c,), find six 
partial derivative at this point. 
al Gal 
A=|— B= c=|— 
ee 
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° If all A, A, and A, are positive, then f(x, y, 2) is minimum at (a,, b,, ¢,). 

° IfA, A, and A, are alternately negative and positive, then f(x, y, 2) is maximum at (a, bd, 
c,). 

e If above conditions not satisfied, then f(x, y, z) is neither maximum nor minimum at (a,, 
b,, ¢,). 

Example. Discuss the maximum and minimum value of 

u=x?4+y? +774 x —- 22 — xy. 
As given u =x? + y? + 727 +x —- 2z — xy, then 


u,= 2x-y+1=0,u,=-x + 2y=0,u,=2z2-2=0 


On solving these equations we get x = -2/3, y = -1/3, z = 1. Therefore (-3,-4,1) is only critical 


point where function will be either maximum or minimum. Now we will decide it. 


when 


Now the values of following derivatives 
A=2,B=2,C=2,F =0,G=0,H=-1 
Now we have 


Since all these A, A, and A, are positive, we have a minimum of u at the point (- 3,-4.1). 


Example. Show that the point such that the sum of the sum of the squares of its distances 
from n given points shall be minimum, is the center of the mean position of the given points. 
Let the n given points be (a,, b,, C,), (a, D,, C,), ... (a, b,, ¢,) and let (x, y, Z) be the coordinate 
of the required point. 

If u denotes the sum of the squares of the distances of (x, y, Z) from the n given points, then 


D[(k-a)? +(y-b)? +(z-0,)7] 
Y(x-a) +F(y-b) + H(z-6) 


For maximum or a minimum of u, we must have 


u 


u, = 2)°(x-a,) = 2nx-2)a,=0 (2) 
u, = 2,(y-b,) = 2ny - 2b, =0 (3) 
u, =2)°(z-¢,) = 2nz- 25° ¢, =0 (4) 


Solving these above equations, we get 
Be 5 Se Sg 
n non 
Now A= 2n, B = 2n,C = 2n,F=G=H=0 
We have A = 2n,, A, = 4n’, A, = 8n? Since there three expression are all positive, u is minimum 
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Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


So u is minimum when the point (x, y, Z) is the centre of the mean position of the n given points. 


x 
Find the range of f(x, y. 2) = {yay —az 


x + 2y - 4z # 0; the set of points of B? NOT in the domain form a plane through the origin. 
Range: R 


Find the range of f(x, y, Z) = 


1-” -y 


x2 + y? + 2? # 1; the set of points in FR? NOT in the domain form a sphere of radius 1. 
Range: (-2, 0) U [1, ~) 


Find the range of f(x, y, z) = Jz—x?+y? 


z 2 x? — y*; the set of points in R®? above (and including) the hyperbolic paraboloid z = x? - y*. 
Range: [0, ~) 
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8. METHOD OF LAGRANGE MULTIPLIER 


The method of Lagrange multipliers allows us to maximize or minimize functions with the con 
straint that we only consider points on a certain surface. To find critical points of a function f(x, y, z) on 
a level surface g(x, y, z) = C (or subject to the constraint g(x, y, Z) = C), we must solve the following 
system of simultaneous equations: 

VE(x, y,Z) = AVQ(xy,Z) 
ax, y, z) = C 

Remembering that yf and Vg are vectors, we can write this as a collection of four equations 

in the four unknowns x, y, z, and A: 
£,% ¥, 2) = 29,06 y, 2) 
4,0 ¥. 2) = A9,% y, 2) 
1% y, Z) = 49,% ¥, 2) 
g(x,y, 2) = C 

The variable 4 is a dummy variable called a “Lagrange multiplier”; we only really care about the 
values of x, y, and z. 

Once you have found all the critical points, you plug them into f to see where the maxima and 
minima of the function occurs. The critical points where f is greatest are called points of maxima and 
the critical points where f is smallest are called points of minima. 

Ex. Use the method of Lagrange multipliers to maximize 
f(x, y) = 3xy 
subject to the constraint x + y = 8. 
Sol. First tet f(x, y) = 3xy and g(x, y)=x+y-8 
then defined a new function F as 
F(x, y, 2) = f(x, y) — Aa(x. y) 
= 3xy — A(x + y -— 8) 

To find the critical numbers of F, begin by finding the partial derivatives of F with respect to x, y 

and i. Then, set of partial derivatives equal to zero. 


F(x, y, 4) = 3y-2 > 3y-a=0 (1) 
Fx y 4) = 3x -2 > 3x-2=0 (2) 
Fy a)=—-x-y+8 > —x-y+8=0 (3) 


Solving for 4 in the first equation (1) gives 
3By-2=0 > A= 3y 
Substituting for 4 in the second (2) equation 
3x - 3y = 0 => 3x - 3y or x=y 
Now, substitute the value of x in equation (3). 
-y-y+8=0 
2a =8 
ye4 
Using this value, we can conclude that the critical values are x = 4, y = 4. Which implies that 
the maximum is 


f(x, y) = 3xy 
= 3(4)(4) = 48. 
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Ex. 


Sol. 


Ex. 


Sol. 


Find the maximum of 
V = xyz 
subject to the constraint 6x + 4y + 3z- 24=0 
First, let f(x, y, Z) = xyz and g(x, y, 2) = 6x + 4y + 3z — 24. Then, define a new function F as 
F(x, ys 2, A) = f(x, y, 2) - AG(% y, 2) 
= xyz — A(6x + 4y + 3z - 24). 
To find the critical numbers of F, begin by finding the partial derivatives of F with respect to x, y, 
z, and 2. Then, set the partial derivatives equal to zero. 


F(x y, Z, A) = yz - 6A > yz- 62 = 0 
F(x, ¥, ZA) = xz - 44 > xz- 42 =0 
F(x, y, Z, A) = xy -— 32 > xy - 34 =0 
F(x, y, 2, A) = -6x - 4y - 32 + 24 > 6x - 4y - 32 + 24=0 


Solving for 4 in the first equation produces 


yz 
yz-6.=0 > Ae G- 


Substituting for 4 in the second and third equations produces the following. 


yz 3 
xz-4\"¢) = 0 > yr ox 


-3(%2) =0 > z= 2x 


Next, substituting for y and z in the equation F,(x, y, z, 4) = 0 and solve for x. 
Fx, y 2, 4) = 0 
-6x - dy - 32 + 24=0 
3 
~6x ~ 4{ 5%] - 3(2x) + 24 = 0 
18x = -24 


x= 


wolE 


8 
3, which 


4 
Using this x-value, you can conclude that the critical values are x = 3° y= 2, andz= 3 


implies that the maximum is 


V = xyz Write objective function 
4 8 

“lg (2) 3 Substitute value of x, y, and z. 
64 7 e ‘ 

= “@ Cubic units. Maximum volume. 


Minimize: f(x, y) = x? + y? 
Subject to : 2x + 6y = 2000 
f(x, y) = x? + y? 
g(x, y) = 2x + 6y — 2000 = 0. 
L(x, y, A) = x? + y? — 2 (2x + by - 2000) 
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Ex. 


Sol. 


L(x, y, 4) = 2x - 22 > 2x- 2. =0 -(1) 

L% y, 4) = 2y - 6 > 2y- 6. =0 (2) 

L(x, y, 4) = -2x - 6y + 2000 > -2x - 6y + 2000 = 0 (3) 
Solving for 4. 


2x-22=0 > AEX 
Putting value of 4 in (2). 

2y+6x=0 > 6x = 2y 

y = 3x 

Now Substituting y in (3) 

-2x — 18x + 2000 = 0 
> -20x + 2000 = 0 

x= 100 
Using the value of x we can conclude that the critical points are x = 100, y = 300 
Therefore the min value in f(100, 300) = (100)? + (300)* = 10000 + 90000 = 1,00,000 
Find the maximum and minimum values of f(x, y) = 81x? + y? subject to the constraint 4x? + y? 
=o. 
Let f(x, y) = 81 xe + y? 

Q(x, y) = 4x7 + y? - 9 
Then define a new function F as 

F = f(x, y) — ag(x, y) 

= 81x? + y? — A(4x? + y? - 9) 


F(x, y, 4) = 162x - 82x > 162x - 8Ax = 0 (1) 

FQ y, 4) = 2y - 2yA > 2y - 2yA =0 w(2) 

E&Y A)e—4+e-y+9 > 4 -y+9=0 (3) 
Solve for 4 Let's start with the second one. 

2y = 2ya 


> a=1 or y=0 
Let y = 0, then in this case 


Aae=9 eas 
#9 > x=45 


3 3 
Therefore we get two points that are absolute extrema (-3) and (3). 


Now Let & = 1, in this case equation (1) reduces to 
162x = 8x => 154x=0 > x=0 
under this assumption we must have x = 0. Now substitute in (3) we get 
y=9 > y=r3 
So this gives us two more points that are absolute extreme 
(0, -3) and (0, 3) 
Now, we have four points that are absolute extrema to determine the absolute extrema we need 
to evaluate the function at each of these points 


(-3.0)-722, 1(3.0]-72, {(0,-3)=9 {(0,3)=9 
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729 3 3 
The absolute maximum is —7~= 182-25 which occurs at (-$-) and (3-9). 


The absolute minimum is which occurs at (0, -3) and (0, 3). 
Ex. Find the maximum values of f(x, y) = 8x? — 2y subject to the constraint x? + y? = 1. 
Sol. Given f(x, y) = 8x? - 2y 
Q(x, y) = xe + y= 1 
F(x, y, A) = f(x, y) — Ag(x, y) = 8x? — 2y - 208 + y% I) 


F, = 16x — 24x > 16x - 22x = 0 (1) 
F,=-2-2ay > -2-2y=0 wa(2) 
Foe-¥-yt1l => —w-y+1=0 

Solve for 4 


by (1) 16x - 24x = 0 

> x=O or A=8 

Let x = 0 then by (3), we get 
yzloy=ti 

Therefore, we get two points that are absolute extrema (0, -1) and (0, 1) 

Now assume 4 = 8. In this case, we can plug the value in equation (2) we get. 

1 

2 = 16y>y= -3 

we now plug the value of y in equation (3) 


1 3. 
Qe = aa 
e+ ey 1>x cer 


this gives two more points that are absolute extrema. 
{SVE 22) 68.4/ SVE 138s 
Now 3° 8) @' {3a 8) 8 
(0, -1) = 2, f(0, 1) = -2 
3V7 1 3v7 1 
aes and | 37 @ 


7 . 65 _ = ol 
The absolute maximum is i 8.125 occurs at [ 8 8 3 8 


Ex. Find the minimum values of f(x, y, z) = xyz subject to the constraint x + 9y? + z? = 4. Assume 
that x 20. 
Sol. f(x, y, Z) = xyz 
gx, y, 2) =x+ Oy +2=4,x20 
F(x, y, 2, 4) = f(% y, 2) -— Ag y, 2) 
= xyz — A(x + 9y? + 2? - 4) 


Fl=yz-2 > yz-2=0 
F, = xz - 182y > xz — 182y 
FL = xy — 212 > xy — 222 = 0 


Fo=-x-9yY -2+4 > xt + Oy? +72-4=0 wn (4) 
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We get 
XyZ = 2X (5) 
xyz = 182y? (6) 
xyz = 2az? (7) 


by equation (5) and (6) 
x= 18ayy > (x - 18y’)a 
> x = 18y? or A = 0 
by equation (6) and (7) 
18y2A = 22% > (18y? - 272), = 0 
> 2 = 9y? of 7A=0 
Now we have two possibilities 
Either 4 = 0 or we have x = 18y? and z? = 9y?. 
Let 4 = 0, then by equation (1), (2) and (3) we have 


yz=0 > y=0 o z=0 (8) 
z=0 > x=0 o z=0 (9) 
w=0 > x=0 o y=0 + (10) 


from this we noticed that we can't have all three of the variables be zero but we could have two 
of then be zero. So this leads to the following two cases that we can plug into the constraint to 
find the value of the third variable. 

y=0,x 

y=0,z 
So this gives us the following three absolute extrema 

(0, 0, -2), (0, 0, 2) and (4, 0, 0) 
Now, let's check the second possibility from equation (8) z = 0. In this case the (9) equation while 
be 0 = 0 and so will not be any use. Then (10) however, has the possibilities of x = 0 or y = 0. 


2 
z=0,x=0:9¥=4 => yrtg 


This leads to two more absolute extrema 


(0-50) e059 


we had another possibility x = 18y? and z? = 9y? 
In this case we can plug each of these directly into the constraint to get the following 


1 
18y? + Sy’ + Oy? = 36y?= 4 > yrtg 


1 1 
Now x= 10(5)=2 z=9(5)=1 => zeti 


Therefore we get the following four absolute extrema 
1 1 1 1 
(2-3.-1} (2-}} (23-1) and (23) 


Now (0, 0, + 2) = (042.0) = (4, 0, 0) = 0 
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os 
N 
Hl 
wl 
By 
pei 
W 
oN 
N 
ela 


a= 
3 


2 
The absolute minimum is -3 which occurs at (2-21) and (23.1). 


Unit-7 Basic Integration 


1. ANTIDERIVATIVES - DIFFERENTIATION IN REVERSE 


dF 
Consider the function F(x) = 3x? + 7x — 2. Suppose we write its derivative as f(x), ie. f(x) = ra 


dF 
We already know how to find this derivative by differentiating term by term to obtain f(x) = a 6x +7. 


This process is illustrated in Fig.. 
differentiate 


F(x) = 3x + 7x-2 f(x) = 6x +7 


Fig. : The function F(x) is an antiderivative of f(x) 

Suppose now that we work back to front and ask ourselves which function or functions could 
possibly have 6x + 7 as a derivative. Clearly, one answer to this question is the function 3x? + 7x — 2. 
We say that F(x) = 3x? + 7x — 2 is an antiderivative of f(x) = 6x + 7. 

There are however other functions which have derivative 6x + 7. Some of these are 

3x? + 7x + 3, 3x? + 7x, 3x2 + 7x - 11 

The reason why all of these functions have the same derivative is that the constant term disappears 
during differentiation. So, all of these are antiderivatives of 6x + 7. Given any antiderivative of f(x), all 
others can be obtained by simply adding a different constant. In order words, if F(x) is an antiderivative 
of f(x), then so too is F(x) + C for any constant C. 

Geometrical interpretation of Integration 

Let f(x) be a given continuous function and F(x) one of its antiderivatives such that 

fico dx =F(x)+¢e 


f y= fro dx =F(x)+e (1) 
then y = F(x) + c represents a family of “parallel” curves. 
It is clear from (1), we have 
Here c,>c,>c,>c,>0. 
Y 
y= FQ) +c, 
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Example : Find the integral curve of the equation dy = dx. 
(1) 


Solution : Given dy = dx 
Comparing (1) with dy = f(x) dx 


f(x) =1 
Fig. 
d 
or y= fi-drexs+e (:£0-1) 
the integral curves are parallel lines with slope of all arrows is unity. 
Example : Find the integral curve of the equation dy = 2x dx. 
Solution. Given dy = 2x dx (1) 
cS SITS 
++ Fe t+ 
eK KKK YY 
wowunon 
>A 
r) >X 
Fig. 


Comparing (1) with dy = f(x) dx 
f(x) = 2x 
vad = 
e Sl) =2x] 


or y= f2xdx=x?+e 


represents a family of “parallel” curves. 
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dF 
Example : (a) Differentiate F(x) = 4x° — 7x? + 12x — 4 to find f(x) = x 


(b) Write down several antiderivatives of f(x) = 12x? — 14x + 12. 


dF 
Solution. (a) Differentiating F(x) = 4x? — 7x? + 12x — 4 we find f(x) = Pre 12x? — 14x + 12. We 
can deduce from this that an antiderivative of 12x? - 14x + 12 is 4x° - 7x? + 12x - 4. 


(b) All other antiderivatives of f(x) will take the form F(x) + C where C is a constant. So, the 
following are all antiderivatives of f(x): 


4x8 — 7x2 + 12x-4, 4° - 7x2 + 12x - 10, 4x? - 7x2 + 12x, 4x3 - 7x2 + 12x + 3 
From these examples we deduce the following important observation. 
Key Point 


dF 
A function F(x) is an antiderivative of f(x) if a f(x). 


If F(x) is an antiderivative of f(x) then so too is F(x) + C for any constant C. 
Derivatives Integrals (Anti derivatives) 


net 


d (xr 


, 4 , aes oe E 
O  &lne : Ix d= 75+ C.net 
Particularly, we note that 
a Ogets K=X+ 
Sian roe 
neve ; 
(i) asin) =COs xX; Joos x dx=sinx+C 
at ad sal ; 
Gi) G(c0sx)=sinx; Jsin x dx =-cos x+C 
d rae 4 
(iv) ay ltanx) = sec x; Jsec x dx=tan x+C 
) H(-cot x) =cos eo” x; Joosec? x dx =-cot x+C 
(vi) Etsec x)=sec x tan x; fsec x tan x dx=sec x+C 


d 
(vil) rao x)=cosec x cot x ; Joosec x cot x dx =—cosec x+C 


f Gesin'x+€ 


ili) Sis" x)= 


vi-x 
‘ <a tien 1. dx "3 1 
(x) ax! cos"x) Erne ae cos'x+C 
WO cia Ne Vg (hearer 
9) alin erred Ia x+C 
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(Basic integration) 
(xi) Z(-cot' =o, {7% =-cot'x+C 
(xi) ayl000 8) =e [rpearsee'xee 
(xii) 4 (-cosee *)-oE =i eS =-cosec"x+C 
(xiv) Fle)-e : fet&x=e" +c 
(xv) Ztiogix=2: [rox=togixi+c 


ao 
dx | loga 


(xvi) 


{ sin? x +cos® x 
Examples : Let | = j 


\. sin’ xcos’ x 


z j (sin? x + cos? x)’ -— 3 sin? x cos’ x(sin’ x + cos” x) dx 
sin? xcos’ x 
( x cos’ x 
sin’ xcos’ x 


2 [ SAM Reos” X= Sin: Neos ngs 


sin? xcos’ x 
1 1 
=|— 4x + | —,—dx- |3 dx 
eee + Tiare J 
= sec? x dx + [cos ec? x dx - 3f dx 
= tan x - cotx- 3x+c 


cos2x—cos2a 
ee | OX 
sinx - sina 


f 
Examples : Let | = i 


-2(sin? x - sin? a) 
(sinx - sina) 


jee x-sin’ a) 
(sin x - sina) 


=-2f Sinx+ sinal(sinx—sing) 4 
5 (sin x - sina) 


= -2f (sin x + sina)dx 


=~2Jsinx dx-2 sina dx 


=2cosx-2xsinat+c 
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Examples : Evaluate : 


if X + 2sin? x 


cas x22ee (rranza) +(12280%) er 


cos? x 1+ cos 2x 


5cos' x +2sin* x = 1+2sinx) 1-cos2x 
Solution. Let | = j(2eeseens + (1+ sin 2x) + ee + 1-c082x] dx 


2sin’ xcos” x x } 1+c082x |} 


= {{Zeosec x cot x +sec x tan x +(cos x sin) (see? x 2seextanx) +tan” x} dx 
= {{Zoosec Xx cot x+3 sec x tanx+cos x+sinx+2 sec? x1} 
5 a 
=z Joosec x cot x dx +3{sec x tanx dx + [cos x dx+Jsin x dx +2[sec?x dx ~ f1.dx 


5 
= —pcosec + 3 sec x + sin x — cos x + 2 tanx—x+e 


Properties of the Indefinite Integral 
The differential of an indefinite integral is equal to the element of integration, and the derivative 
of an indefinite integral is equal to the integral. 


Thus, we have df f(x) dx = f(x) dx 

d i 
or ay! {0 dx =f(x) or {fax} = f(x) 
eg., df3x?dx =d (x +c)+3x? dx 


4 6332 dx = 3x? 
or Pak dx =3x 


The indefinite integral of the differential of a continuously differentiable function is equal to this 
function, but introduces an arbitrary additive constant. 


Thus, we have fdf(x)=f(x)+¢ 


eg. dcosx=cosx+e 


A non-zero constant factor may be taken outside the sign of the integral, 
ie., if constant a # 0, then 


fat dx= af f(x) dx 


2 
eg., fox an=2fx an=2[ +e] x7 +2c=x’? +e, 


where c, + 2c 


€ Eduncle Mathematics (Basic Integration) 


The integral of an algebraic sum is equal to the sum of the integrals of the summands for n 
summands: 


Joos f(x) £...4f,(x)}dx =fiGdxs JiQddxt..t [f)dx+e 
eg., f(ex? - 4x + 5)dx = fexdx- fax dx + fs dx 


= 6[ x?dx- 4] x dx +5fdx 


-(6-%-+0,| [4-805] (64 +C,) 
= 2x? - 2x? + Bx +c 

where c = c, - ¢, + ¢, 

Note : The constant term for every integral is adjoined in the last after all integrations have been 
performed. 
Methods of Integration 

To find the integral of complex problems (The integral is not a derivative of a known function). 
Following methods are used. 
(0) Integration by Substitution or by change of the independent variable : 


If the independent variable x in fie dx be changed to a new variable t, then we substitute x = 
¢(t), where ¢(t) is a continuous differentiable function, then 
dx = d(9(t)) 
= g(t) dt 
then we have 
Jf) dx = fff) a(t) at 


which is either a standard form or is easier to integrate. Here after integration we revert back to 
the old variable x by the inverse substitution t = (x). 


(a) Three fundamental deductions of the method of substitution : 


Oy! 
(n+1) 


Deduction | : J Oar roar = +c (n #1) 
(Power formula) 


Deduction Il: [Giex=nite tse 


dx = f(x) +¢ 


f(x) 
Deduction Ill : Woy 
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(b) Standard Substitutions : 


(Basic integration) 


Expression T Substitution 
as a®- x? or ya’ -x*) x=asin @ or acos0 
2. a? +x? or (a? +x?) X=a tan@oracoté 
3. x? ~a? or V(x? - a?) x =a sec @ or acosec 0 
4. (a +x) or J(a-x) x=acos0 

ee {2%} o (2%) 
a-x atx 
[ \ 
5 i= or {x —a)(b— x) X =a cos?@+bsin? 6 
{b-x 
6. or J(x—a)(x—b) x=a sec? @—b tan’o 
7. (2ax — x?) x =a (1—cos@) 
8. lS x-a=t? orx-b= 
(x ayx—b) 
‘i 
9. fereyareayz (x+a)=t (x+b) 
m, ne N (and > 1) 
10. (x+aye'(x + py x+b Li 
x a 1 x+a 
x+a (x+a)’ 
(neN and >1) 


(c) Extended forms of fundamental formulae : 


7 fax = F(x) then we find fflax+b) dx. 


Let 1 = [flax +b)dx (1) 


1 
Putting ax+b=tsothatadx=dt => dx= at 


then I= [f-tat 
5 i fray at 
et) be ff) at=FOo 
= LF(ax+b) wu(2) 


From (1) and (2) we get fflax +b)dx = Flex +b) 


< 
€ Eduncle Mathematics (Basic integration) 
Thus to evaluate fflex +b)dx supposing in mind ax + b as a variable like x and divide it by the 
coefficient of x in ax + bie., a. 
From this we obtain the following results : 


0 floxspydx= CrP vena a 
if j—*%-—1_ __ie nel 
(i) (ax+b)" a(n-)(ax+b)"* 7 


dx 1 
(iii) Joqptginiex+biec 


1 
vy eta SL gtengs 
wf at 


Integral Method of integration 

@ fixe Z} (1 Je fom Put xs tats [1-Jr Jax at 
(ii fi{x-2} {1 S]o« 
(iit) fixe +} (x-ox 
(v) fi{22- 5} (+ 5 Jax 


(x? - 1) dx 
(1 

4 +3x? + 1)tan' 
(x* +3x? +1) tan («+3} 


Examples : Evaluate : 


(x? -1)dx 
(x4 +3x? +Dan'(x+2} 
x 


1 
(1-3) 
x? +3 Je pton" (x +) 
x x 


Solution. Let | = 


Put x += tela = dt then = Jo 
WOKS tS re ea then | = (+ 


tan't 
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Again put tan t = z 
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dt 
> Gt" dz then we get 


t= fE=mizitemitntire [- z=tar'd 
tan" (x+ 2} 
x 


Examples : Evaluate : f 


=in +c 


ay. 
Ve =) 


Solution. Let | = 


s Hof vi is 
ince integral of ¥x is —— 
3/2 


then put 8? =t> e=t 
or SUK ax = at > Vide = Fat 


dt 
ae -t 


3 
then we get | = 5! 


Il. Integration by Parts 
Let u and v be two functions of x, then we know that from differential calculus 


Integrating both sides w. r. t. x, we get 


wv = fudde+ jvStax 


dv du 
or Jurgoxquv- [ve dx (1) 
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Now put u = f(x) and v = [g(x) dx, 


so that a = g(x) 
Substituting these value in (1), we get 
J). 00a = £00). {f. of) dx} ~ f[FO0{f abe dx} Jax 


The above formula can be put in words i.e., 
The integral of the product of two functions = (first function) « (integral of the second function) 
— Integral of {diff. coeff. of the first function = Integral of the second function} 

(a) How to Choose 1st and 2nd function 

0) If the two functions are of different types take that function as 1st which comes first in the 
word ILATE where I stands for inverse Trigonometric function, L stands for logarithmic 
function, A stands for algebraic function, T stands for trigonometric function and E stands 
for exponential function. 

(ii) If both functions are algebraic take that function as 1st whose differential coefficient is 
simpler, and take remaining as the 2nd function. 

(iii) If both function are trigonometrical take that function as 2nd whose integral is simpler and 
take remaining as the 1st function. 

(iv) If integral contains only one function which can not be directly integral. 

(ie., In | x |, sin’ x, cos x, tan’ x, ... ete.) 

then second function be chosen as unity. 

Note ; The formula of integration by parts can be applied more than once if necessary. 


Examples : Evaluate : Je In x dx, n #-1 andx>0 


Solution. Let | = fx In x dx 


Here x" is algebraic and In x is logarithmic function, in ILATE rule L come before A, therefore 
Integrating by parts taking x” as second function, we have 


Ine tea 


pees 
“ (n+) 


1 
ate F 
xn x ma!* dx 


axtin x xt #6 
~ (n+1) (n+? 


1 
7 Inx-—— 
meal aeal*® 
Examples : Evaluate : fsin’x dx. 


Solution. Let | = (sin x)dx 


Here there is only one function which can not be directly integrated then unity should be taken 
as the 2nd function we have 
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I= fsin"'x.1.dx 
=sin'x.x a 
¥a-x) 


x 


¥a-%) 


1 
In integral put 1 - x? = t > x OX = ~7at 


=xsin"x-f dx 


es 1; dt 
then |= x sin’ x + aly 


=xsin'x + Vt+c 


=xsintx + J(I-x’)+¢ (. t=1-x) 


Note : 
(0) AN cart = -y(a? - x?) 
(ii) if X_dx = V@ +x?) (Remember) 


var +x? 
is x 
(iii) \——« = Vo? —a*) 
Vor =a’) 
(b) Cancellation of Integrals 
Sometimes we split the integrand into the sum of two parts such that the integration of one of 
them by parts cancels the other. 


fe (f(x) + f(x) dx = e* f(x)+e 


Proof : Jette +f"(x))dx = fertxyax + fe't'(x)ax 
Integrating 1st term by parts taking e* as second function we have 
= Qe — ff). et dx + fef(x)+e 
ze fx)+ec (The last two integrals cancel each other). 
Alternative Proof : 
Ate f(x)} = et f(x) + eX F(x) = @ {f(x) + FOO} 
On integrating both sides, we have 
fer(f) + f'(x))dx = e*f(x) +e 


Note : 
fe* {F(Ax) + f'(Ax)}dx + ef(ax) + 
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This is every important and the students can use this as a formula. 


Examples : Evaluate : Nie mr} dx, 


Solution. Let | = line aea"| dx 


Put In x = t=> x = et > dx = e'dt 


aoa 
= fe t + (-2)}« 
= felt) + Fat = eft) + 


mere f()= Land ty=—e Leelee ey 
where f( = yan (OF -F = ew Cy c 


Note : If logarithmic function or inverse circular function presents in the denominator of integrand 


a jel 


ie, Ir 
ne Sin x 9 sin 14 


then put it equal to t. 
(d) Integrals of e“cos bx and e“sin bx : 


Prove : fe" cos bx dx = {6 cos bx +b sin bx) 


(a’ +b’) 
¥ e*(a sin bx —b cos bx) 
e™ sin bx dx = —————_ +c 
and | (a +b) a 
Proof : Let | = fe cos bx dx (1) 


Integrating by parts taking e* as 2nd function, we have 


1=cos be( ~)- Je sinbo( a 


alex cosbx +2fsin bx e™ dx w=(2) 
a a 


Again integrating by parts taking e™ as 2nd function, then 


l= 1 aoe bx 2a ox( "| fo cos bx- al 


1 b b? 
= ae cos bx Hr > sin bx e* =a (from (1)) 
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= (a cos bx + b sin bx) 


| - (a cos bx + b sin bx) 
Examples : Evaluate : fr e% 6 sin (2x sina) dx 
Solution. Let | = fe e%<o% gin (2x sina) dx 

1s Je e* sin (bx) dx 


where a = 2 cos a and b = 2 sina 


la? +b”) = (2cosa)’ +(2sina)’ = ¥4cos a + 4sin?a = f4(cos’a +sin’ a) =2 


{ 2sina 


b 
and tan (?}- tan’ \2cosa 


}=ten" (tana) =a (1) 
Integrating by parts 
I= frre” sin bx dx = xfer sin bx dx -[(2xfe™ sin bx dx) dx 


We know that 


fe sin bx + (a sin bx +b cos bx) 
b’ 
Je* cos bx = (a cos bx +b sin bx) 
exe b cos bx) - [2x2 b: 
= in bx — - -b bx)d: 
x wapreasin x —b cos bx) J2xsaprle sin x —b cos bx)dx 
r 2 ie 
pela sin bx -b cos bx)— z ape re” (a sin bx —b cos bx)dx 


Let 1, = fxe™ (a sin bx-b cos bx)dx 
= |x e* a sin bx dx-fx e™ bcos bx dx 


oe Pa (a sin bx -b cos bx)dx 
+ 


=axfe™ sin bx ax- fe 
e 


-bx/e™ cos bx dx + fo ab 


(a cos bx +b sin bx)dx 


(a sin bx-b cos bx) 


Je™ (a sin bx -b cos bx)dx 


Pb a+b 


—bx acos bx +b sin dx 
oat )+ 


3 _ Je™ (a. cos bx +b sin bx)dx 
7 


371 
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aCe ((a+b)sin bx + (a-b)cos bx) 
oe 2) fe J(e* ((a+b)sin bx +(a—b)cos bx))dx 
+ 


Now, Let I, = fe™ ((a+b)sin bx + (a—b)cos bx)dx 


L=(at+ b) fe™ sin bx + dx +(a—b)fe™ cos bx dx 


1, = (a + b) worl sin bx —b cos bx) +(a- >) oF (a cos bx +b sin bx) 
Zee 2 =D)X oe , 
= rl0 sin bx—b cos aa cae De e™ ((a +b)sin bx) 
(a-b)cos bx+ (b- eas 2a((a+b)sin bx +(a—b) cos o»)) 


Now substituting a = 2 cos « and b = 2 sin a in above integral we get the desired result. 
(Ill) Integration of Rational Fractions 
An expression of the f(x)/g(x), where f(x) and g(x) are polynomials in x, is called a rational fraction. 


; f(X) gx" 4X" +a, KFA, 
Ne, (x) box” +b,x” '+...4b, .x+d, 


where a, a,, .... a, by, b,, .... b, are constants and m,n € N. 
Type of fractions 

(i) Proper fraction : 

If degree of f(x) < degree of (x), f(x)/g(x) is called a proper fraction. 


Example : is a proper fraction. 


x+2 
x? 43x45 
Here degree of numerator = 1 and degree of denominator = 2 
degree of numerator < degree of denominator. 
(ii) Improper fraction : 
If degree of f(x) 2 degree of g(x), f(x)/g(x) is called an improper fraction. 


then divide f(x) by g(x) so that B- h(x) + 3 


409) 
where h(x) is an integral function and a(x) is a proper fraction. 


x +1. i ' 
Example : 7 is an improper fraction. 


Here degree of numerator = 2 and degree of denominator = 1 


degree of numerator > degree of denominator 
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Then divide (x? + 1) by (x + 1) such that 


x+#1] +1] x-1 


xX 4+X 
xt 
—x-1 
i es 
2 
2 
x41 142 
K+1 x+1 


2 
Here (x — 1) is an integral function ands 8 a proper fraction. 


Any proper fraction can be expressed as the sum of two or more simple fractions. Each such 
fraction is called a partial fraction and the process of obtaining them is called the resolution or decomposition 
of f(x)/g(x) into partial fractions. 

Case I: Integration of fractions with non-repeated linear factors in the denominator. 

An non-repeated linear factor (x — a) of denominator then corresponds a partial fraction of the 


A 
form (=a) Where A is constant to be determined. 
If a(x) = (x - a,) (xk - a) ... (x - a,) then we assume that 


f) Ar, _ A, An 
a(x) ~ (=a) * =a) =a) 


where A,, A,, ..., A, are constants, can be determined equating the numerator of L.H.S. to the 


numerator of R.H.S. (after L.C.M.) and substituting x = a,, a, .... a,. 
Examples : Evaluat Mf di 
amples : Evaluate : 
rank Veen cerry 
2 

Solution. Let | = |—__—___—__d: 

olution. Let = [oe ayy 
FF x? = Ay BS, 

ee GR H-DK-3) KD OD) H-3 OM 
then x? =A (x — 2) (x - 3) + B (x — 3) (x - 1) + C(x - 1) K - 2) (1) 
Putting x = 1, 2 and 3 successively on both sides of (1), we get A = 1/2, B = -4 and C = 9/2. 


mo 


“Se TH DK-3) 
9 1 
Pwal* 


apd 
“hay SS 2) ohe 3) 


a=) ¢ 


= Flnix—11-4inix-21 +21 x-31 +0 
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Two Important deductions of case | 


Deduction | : If everywhere same quantity in the given fraction then put same quantity equal to 
another quantity for the sake of partial fractions that at last substitute the value of another quantity. 


Mathematics (Basic integration) 


2 
-4 
Examples : Evaluate merce 


f (x? -4) 
(x? + 1)(x? + 2)(x? 7a” 


The given fraction has everywhere x?. Put x? = t for the sake of partial fractions 
(x? - 4) Ls (t-4) 
(x? +1)? + 2)0? +3) (t+ (t+ 2)(t+ 3) 


A B c 
“ist ton a ay 


_ (4) 
Ae len Ae) lesa fava} 


in Fea} 


—-1-4 5 
“(14+ 2)-143) 2 


i (t-4) 
Bem way ate ee 


Solution. Let | = 


(-2+1)(-2+3)_ 


- (t-3) 
nd ce WO cae} 


: (1-4) |__ (3-4) 
weal 


af (tea) (2-4) 
Seu fence 


Be; 
(-3+1(-3+2) 2 


Substituting the values of A, B and C in (1), we have 


Acc) a J LA 
(t+ (t+ 2)(t+3) 27 (t+ 1) (t+2) 2 (+3) 
(x? - 4) 5 6 7 
or = 


OF ax 20x43) AK) (42) 20K 3) 


|= i (x? -4) 
(x? + (x? + 2)(x? + aye 


lees Ty Sara ay 


+)" 
v2) 23 


=—Stantx+ sien"( 


2 v2 
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Deduction Il : If f(x)/g(x) ts an improper fraction, then after division let remainder (x) has lower 
degree of g(x). 
Let g(x) = (x - a(x - * «. (K- a) 


x) 
then by actual division a. = h(x) + ‘lx) 


Mathematics (Basic Integration) 


A, A, 


“HO)* Bay Gna) ea) 


(x—a)(x- b)(x-c) 
(x= a)(x—B)(x-y) 


(x- a)(x-b)(x~c) 
(x ~ a)(x-B)(x- 7) 


The given fraction is an improper fraction then by actual division, since same degree in above 
and below. 


Examples : Evaluate : f 


Solution. Let | = j 


| XXX 
ners Ke 
aaa (x - a)(x - b)(x-c) -14 f(x) 


(x a)(x—BMx-y) "(x a)(x-B)(x-) 
where f(x) is a polynomial of second degree 
(x - a)(x-b)(x-c¢) os A B Cc 
(ae Ba-¥) | a) GB) OD 
a) { { (x a)(x-b)(x - aa} 
Lx - a)(x- B)(x- 7) 


_ (x - a)(x —b)(x - c)] _ (a-a)(a-b)(a-c) 
=n OE {7 (e=pNe =v) 


(say) A) 


A= lim (x- 


tim X= 2(x-bY(x-c)] _ (B-a)(6 -b)(B-c) 


Bo by) De ees co 


(Qe = a)(x-B)(x-y) 


ee erent 


= lira(x —7){ %= ax DX=o) | 
and: C= lmntx =) E airs Rea 


nt (aN Whe} oak 
Oh Gea) B) @-a)tr-B) 


Substituting the values of A, B and C in (1), we have 


(x—a)(x—b)(x-c) _ si (a-a)(a—b)(a—b) 1 
(x-a)(X-B)(x-7) (a-BYa-y)  “(x-a) 


, B=aB=bB=c) 1 (y= al(y—b)(y=c) 1 


@-a)B-y) “%-B) @-a)-B) “OY 
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=f Ree = OH -¢) 
(x- a)(x-B)(x- 7) 


_ ply, a-aMa-ba-c) 1 (B-a)(B-dNB—c) 1 
=ff (a-BXa-1) (=a) B-a)G-2) aoe 


dx 


(a-a)(a —b)(a—c) (B- a)(B—b)(B-c) 
=X+ In|x-al+ inlx-Bl 
(a-B)(a-7) (B-a)(B-) 
(7~a)(y~b)(y~¢) 
+ Inix-ylee 
(y~a)(y-B) 
Case Il: Integration of fractions with repeated linear factors in the denominator 
A repeated linear factor (x — a)" of denominator then corresponds partial fractions of the form 
f(x) __A, A, As A, 
ah a) a ah ay 
where A,, A,, A,, ..., A, are constants, can be determined equating the numerator of L.H.S. to the 


2x +7) 
numerator of R.H.S. (after L.C.M.) and substituting x = a, we get A,. e.9., mreawil be partial 


fiactione othe aim ot 
factions of the form ("ay * Gay * (45) ° 


(2x - 5) 


3 aoe ee 
Examples : Evaluate Sresqeray x 
e (2x- 5) 
Solution. Let | = |_——_~"_ 
olution. Let = fo aa EO 
i, (x-5)_. A, B,C Ay #4 
ere 3yxe (x43) (rd) (xe DP ~O 
> (2x — 5) = A(x + 1)? + B(x + 1)(x + 3) + C(x + 3) +(2) 
Putting x = -1 and x = -3 in (2), we get 
| een acl 
4 2 
Equating the coefficients of x? on the sides of (2), we getO =A+B 
uv 
Bea: 
Substituting the values of A, B and C in (1), we have 
(2x -5) a. i " wo 
(x+3)(x4+1% (x43) 4x41) 2(x +1)? 
- (2x - 5) 
a cee cesy aes 


Wy; dx Vip dx 7; dx 
aera alten aay 


=—Dinixe3tsDinixetle Tg 


2(x+1) 
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Case Ill: Integration of fractions with non repeated quadratic factors in the denominator 
To every quadratic factor (which can not be factorized into linear factors) of the form ax? + bx + 


Mathematics (Basic Integration) 


c in the denominator, there will be partial fraction of the form 
to be determined. 


——— where A and B are constants 
ax’ +bx +c 


(5x? + 3x —8) ___AK+B ‘ c : Do 
(x? + 5x + 7)(K—2)(K44) (x? +547) (x2) (x +4) 


eg. 


2 
Examples : Evaluate : Pesce) 
- +2K+ 


2 
Solution. Let | = iF (2x5 1K9) 
x 


—3)(x? + 2x +5) 
(2x7-1k+5) A Bx+C 
Here Gay + 2x48) 3) OP ads 1) 
> (2x? — 11x + 5) = A(x? + 2x + 5) + (Bx + C)(x — 3) (2) 


Putting x — 3 = 0 or x = 3 in (2), we get 
heel 
2 
Equating the coefficients of x? and x in (2), we have 


2=A+B,-11=2A-3B+C 


5 5 
then B= gand c eS 5: 


Substituting the values of A, B and C in (1), we have 


2-15 Bx-8) 
(x-3)(x? +2«4+5) 2Ax-3)  2(x? +.2x +5) 


Examples : Evaluate : erect 
+ 2K+ 


Solution. Let |= { EES 
+ 2K+ 


24) dx a! dx 


eer es ee ee 
Gee [x+3] -3¢3 
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tan” 


(px +a) 
i) Swe +bx +c) - 


Rule : Here we express the numerator as follows : 
Numerator = / (Differential coefficient of Denominator) + m where | and m are constants. 


ie, px+qe= Stor +bx to)}+m 
or px + q = (2ax + b) + m 
Comparing the coefficient of x and constant terms on both sides, we get 


p= 2al and q=bl+m 


pees oe es an Ps ssp 
l= 2aandm (a *) “ px+q a 20x +) +(4 4 


PB _pb 
pee _ ja (2ax b)+(a pe) 
+bx +c) (ax? +bx +c) 


Thus, we get er 


(2ax +b) _ pb dx 
=7al toe +bx +c) x(a ies +bx +c) 


Pp 7 
ze + bx +c] + 
2a In Jax’ bx + cl ( 


2a)! Tox +bx+c)’ 


the integral on R.H.S. can be evaluated easily as in (i). 


Examples : Evaluate : ites 
+ 2K+ 


(5x - 2) 


Solution. Let | = Soe +2x+1) (1) 


ge + Ox +1 =6x+2 
dx 


so we write 5x-2=1(6x+2)+m 
Comparing the coefficient of x and constant terms, we get 
5=Sland-2=21+m 


5 
T= gandm=-> 


2 fo? xe few 
(3x? + 2x +1) (3x? + 2x +1) 
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(6x + 2)dx 
~elaetieed +2x+1) Ale +2x+1) 


5 11 
3 in axe ul 
gin Be + x4 J 


5 
= 5 in [3x + 2x + 1 ~gipten (Bere 
(pe +ax +1) 
— 
(uly vera +bx +c) i 


Rule ; Here express the numerator as follows : 
Numerator = | (Denominator) + m (Differential coefficient of Denominator) + n 
where I, m, n are constants. 


fd 


ie, pe+gx tr =I (a+ bx +c) + m{ (ax? +bx+e}} +n 
{ 


or px? + qx + 6 = 1 (ax? + bx +c) + m(2ax + b) + 

Comparing the coefficients of x2, x and constant terms on both sides, we have 
p = la, q = bl + 2am andr = Ic + mb+n 

then we get 


2a’r - 2ape - abq+b? 
and n= ae ea (1) 


(px? 44K +0) aoe j (ax? + bx +) + m(2ax +b) 


Then, we get 
ies Vex? bx +0) (ax? +bx +c) 


dx 


(2ax +b) dx 
al [d: 3 
fox+m for oxee) Liev, +bx+c) 
dx 
= 2 = ane 
In+m In| ax +oxtel+n fo 


the integral on R.H.S. can be evaluated easily and in last substitute the values of I, m & n from (1). 
2 

(2x? +3x+4) ‘dx 

(x? +6x +10) 


2 
(2x +3x+4) gy 
(x? + 6x +10) 


Example : Evaluate : J 
Solution. Let | = J 


We write 2x + B+ A= IOP + OK+ 10) + MOG + 6x+10)+n 
= U(x? + 6x + 10) + m(2x + 6) +n 

Comparing the coefficients of x?, x and constant terms on both sides then we get 
2=1,3 = 61+ 2m and 4 = 101+ 6m+n 


t= 2,m=—Zand n= 11, 
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pa (Ease) +3x+4) 4 
(x? + 6x+10)° 


2x? + 6x +10) — 2 (2x +6) +11 
pee as hO ld er ora aS 


-J (x? + 6x +10) a 


7 229; (2x + 6) 
=)2%- Sree) Wr exci0) 


—ofey 9 f _2k+8) d 
2-3 erery gaya 


9 
=x -Fin| e+ Ox + 1014+ 11 tan (x + 3) 4c 


x x2 +p, 
dv) f Ge re (n>2). 


Rule : Here divide the numerator by denominator and express it as 


remainder 


uotient + —z7———— 
2 ax’ +bx +e 


(px +9) 
of ox) + (ax? + bx +c) 


where 4(x) will consist of certain terms which we shall integrate by power formula and 


px+q 


(ex? +bx +0) Wil be integrated as discussed in (ii). 


x4 + 2x°+3x+1 
Sy ee: 


Examples : Evaluate J axe 


¢ 


x! +2x3 +3x+1) 
(x? +x41) 


Solution. Let | = dx 


Now, 


Wen] | xt 24 3xe7 | xo +x-2 
ex tx? 
X= x4 3x41 


HX +x 


= 2x! + 2x +4 

- 2x’ -2x-2 

+ + + 
4x+3 
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(Basic Integration) 


x8 42x? 4+3x4+1_ 2 4x+3 
x 4X47 BOG Ee +e) 
_p (xt + 2x3 +3x+1) 
aay 
‘4x +3) 
(x? + x= 2)dx + tl ax 
“J cares) 
=f? +x- 2ytxs [TD ax 
1) 
(2x+1) dx 
=f ex- 2)dx + 2f x +J——= 
(0? +x4+7) 2 f fay 
(«+3) + 8 
2 2 
Pare a 2 2x+1 
°3 ty axe 2inix +x+1 Peter (ee Je 
3. Integrals of the form : 
. (x? +.a7)dx ie (x? —a?)dx 
0 Wee +kx? +a‘) Gi) carvers +k? +a‘) 
1 x 
(iii) rarrrarru tee (iv) Sere vat where k is any constant 


@ fc (x2 +a?)dx 


x4 +kx? +a‘) 


Rule : Divide above and below by x?, then 


a 
wey, tee 

te ax = [$+ 

Vertes 2%) [od] 
x 


2 
‘ a 
Here integral of the numerator = x --- 


; (1+ 3 


ae 
ar +k+ 2a” 


2 
put x—-2=t ee (1635 = 


(x? +a?) dt 
J at +qlk+ 20° 


then Jit +kx +a‘) 
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rare dx dx : 
which is of the form Wee or Sane and can be integrated. 


x41 
Examples : Evaluate : | er] dx. 


+1 
+1 


Dividing the numerator and denominator by x?, we get 


dx 


x 
Solution. Let | = Ie 


ae 1 
z 


7 ox= J-—— a dx 


(«- =} +2 


Put xt = t, so that (1+) = dt. 
x x 


“iter Be")? 


Examples : Evaluate : horn +) 


dx 
Solution. Let | = Pears 


then | tpt atin + 
en “3/75 c 


1 
e-gini1txsite 


dx 
Pours Gale 
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Rule : Taking x" common and put 1+ x" =t 


i dx =f dx 
2 yr 5) 
EOr) x?.x" i{u 


dx 


Put T+x=t 


eee eee 
- 9K k= dt or STs 
dx 1p dt 
then eae = ea 1 
al py 
= alt dt 
tint 
Sel UE op 
niin-1+1 
=i" +c 


=- (1+ xymeec 
In 1st integral put x? + 2x + 3 = t and in second integral put x + 1 = u 
(2x + 2)dx = dt and dx = du 


then 1= foe larvae 


bh +2) alae =| 


1 u af q 
<i gra ae (alr 


1 (x+D 1 
(4 2x+3) A(x? +2x +3) a" 


IV. Integration of Irrational Functions 
1. Integration by Rationalisation : 

Rule : Multiplying the numerator and the denominator by the same quantity then the numerator 
or denominator transforms the irrational function into any of the standard results. 


Hence | = — 


(1-x 
Examples : Evaluate : f ex. dx. 


Solution. Let | = [ (i ax 
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Multiplying above and below by ,/(1— x), we get 


in second integral on R.H.S. put 1 — x? = 
-x dx =t dt 


gist 
os x) 

d 
“leet 


=sin'x+tt+c 
=sin’x + J(1-x?)+¢ 
2. Integrals of the form 
axt+by""  fax+b)”* 
Jrfx( 228) (33) |e 


where f is the rational function of its arguments. 


% . ax+b 
Rule : In this form substitute st 
ex+d 


mir 
where a is L.C.M. of the denominator of the fractions Wee. ie., L.C.M. of n, 


dx 


Examples : Evaluate : Sq 7x? (xy 


dx 
Solution. Let | = Sawa 


Here L.C.M. of 2 and 3 is 6 
put 1 + x = té “. dx = 65 dt 


then I= ies at leat rat 6{[e ster tla 


sae Ga 
= 6/—+—+t+ In|t-MM}+e 
3°02 


= 2(1 + x)'? + 3(1 + x) + 6(1 + x)" +6 In| (1 +x)"-1 +c 
(ste (+ x9 
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3. Integrals of the form : 
i dx 
@ Jax? +bx +0) (i) Jax? +bx+e dx 


(px+q) 
wf Tecmo (v) 


[Peed a (vi) Joe +ax +r)ylax? + bx +c) dx 


(ax? + bx +c) 


fiex+a (ax? + bx +0) dx 
@) 


(0) j eee a 
(ax? +bx +c) 


Rule : We have 


2 2 
at + bx to =alx?sPxeSheal(xeh Pecos es 
aoa 2a a 4a’ 


Case II: If a is negative. Let a = -2. 


dx dx 
BE crectery is errs ) 


(a is real, > a<0) 
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which is of the form J and can be integrated. 


dx 
Examples : Evaluate : irre! 
(x? + x — 2) 


dx 
Solution. Let | = —— 
voc +x-2) 


v) joe (px? + qx +r) dx. 


(ax? + bx +) 


Rule ;: We can express the numerator as follows : 


d 
px? + ax +r = I(ax’ + bx +c) + mo (ax + bx +c) +n 


or px? + qx +r = (ax? + bx + c) + m (Zax +b) +n 

where I, m and n are constants 

Comparing the coefficients of x2, x and constant terms on both sides, we get 
p=al, q = bl + 2am andr =ic+bm+n 


_P 1(_ bp pe 2{a-2) 
Tea,m= Dalla Jang n = Feo ta rs 
p= (ex (px? + qx +1) 


dx 
(ax? + bx +0) 


=f +bx+c)+m(2ax+b)+n 4 
(ax? + bx +c) 


=f fax? «bx +0) dx +m/— 22X20) dx +nf- 


vax’ +bx+¢ 


lax? +bx+C) 
= Yat +Dx +0) dx + 2my(ax? + bx +¢ +f 


dx 
(ax? + bx +0) 


(Basic Integration) 
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The integrals on R.H.S. can be evaluated easily as in (i) and (ii) and at last substituting the values 
of I, m and n from (1) in (2). 


x+1) 


Examples : Evaluate : iN crasse ta 
2x7 -X+ 2) 


(x? -x+1) 


Solution. Let | = [— 
V2? =x +2) 


d 
Here Ko x4 15 (2e-x+ 2) +m (axe —-x + 240 


or eoxt+ 1 2e-x+ 2) + m(4x-1)+n 
Comparing the coefficients of x2, x and constant terms on both sides, then 
1 = 21, -1=-l+ 4m and 1 = 2i-mtn 


w RAE it gn aT 
Fo m=-g andn=-% 
J dx 
© xr alex+b) 
Rule : Here we put ax + b = t? 
Note : 
The above rule will be applicable if the numerator is the function of x and f(x) in places of unity 
f(x)dx 
ie, J 


(px + q),/(ax+b) will be evaluated by the above rule. 


(8x? + 26x +16) 
(4x + 3)y(2x + 5) 


(8x? + 26x +16) 


IK 
(4x + 3),(2x +5) 


Here 8x? + 26x + 16 = (4x + 3)(2x + 5) +1 


Examples : Evaluate : f 


Solution. Let | =f 


p= [xt 902x+ +1 + 3)(2x +5) +14 


(4x4 3) 2x + §) 


dx 
(2x + 5) dx + | ————__——— 
=v ‘lea fere 
In second integral on R.H.S. put 2x + 5 = 1? 
2dx = 2t dt or dx =tdt 


tat 


I= J(2x+5)"dx+ [oa 


= (2x +5)! 2x43 


dt 
t-(47/2" 
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ZF axr St +d. inlt+ fee = ~(772)|+ 
1 a2 1 7 
= (2x +5) +5 InV(2x+5) + V(2x+372)] +c 


dx 
w) Soe +qx+r¥lax +b). 


Rule : Here we put ax + b = t? 
Note : The above rule will be applicable if the numerator is the function of x say f(x) in place of 


unity 

A f(x) F 

ie, 1 dx will be evaluated by the above rule. 

(px? + qx +r) (ax +b) 
J dx 
(iii) (px + q)y(ax? + bx +c) 
1 

Rule : Here we put px + q = t 

Note : The above rule will be applicable if the numerator is the function of x say f(x) in place of 
unity. 


x 
ie., j—_—t <== will be evaluated by the above rule. 
(px + atax? +bx +c) 
Examples : Evaluate : 


dx 
Sez Esa lea (xe =a?) 


dx 
Solution. Let | = |——_——— 
le - aly? -a’) 
1 
Putx—-as 7 oH dx = 


at 
=< lat +1¥ - a? 


dt 
=] (Zar +1) 
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unity 


= - Zea +1+c 


(iv) ; ——_. 
(px +.) y(ax? + bx +c) 


Rule : Here we put px + q = . 
Note : The above rule will be applicable if the numerator is the function of x say f(x) in place of 


f(x) dx 
—— will be evaluated by the above rule. 
(px + gy J(ax? + bx +) : 
dx 
(x - 2) yO? - 4x +5) 


Examples : Evaluate : f 


dx 


(x= 2)? (x? = 4x +5) 


Solution. Let | =f 
1 
Put x-2 ai 


1 
dx = -pat 


then S 


(4?)-14 
iy Vase) 


= [Oa fs 


--{ + pinks fo “y+ In|t+ Vist 40 


--t T+ mit+y0-P) I+ 
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ec) earl pita (Ly 


_ME= 45) 1, [t+ OE =4x+5)) 
2x - 2) 2 (x-2) \" 
) i dx ; 
(px? + q)y(ax? +b) 
dx 
Rule : Let | = | ——_—_____ 
J (px? + q)xf(ax? +b) 
1 1 
Put x = 7 "i dx = —ay dt 
then | = j—t__ 
(p+at’)y(a + bt?) 
d 
Now put a + bt? = 2? fs tdt = _ 


ca = a dz 
b { F}} (qz? + bp - aq) 
p+q Zz 
b 
It can be easily evaluated from standard results. 
dx 
Example : Evaluate : | "~~. 
y Sa Ie) 
Solution. Let | = j—" 
: (142) 1x?) 


Put gu dx = Jat 
ut x= FE k= 
1 
-adt 
then I = if Ge =-f + oe 
rte Pa 
v v 


Again put t? - 1 = z? it; tdt =z dz 


zdz dz 
Tepe 2+ (V2 


=- tan (3) c 


v2 v2 
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dx 
(vi) ie +qX +t) (ax? + bx + c). 


ax? +bx+c 
px’ +qxtr 


Rule : Here we put 


dx 
Examples : Evaluate : area rere 


dx 
Solution. Let | = |——H_————— 
Ia -5x+ 6) YO? 6x +10) 


eee ee i 7 
(5x46) (K- 2x3) x-2° x-3" WE GELA=-1 and B= 1 


i et Sener ae 
(x? -5x+6) (x-3) (x-2) 


a ffiear = N) 2 Ke 
men ( x-2) Joe — 6x +10) 


a f dx -J dx 
(x-3)f(x—3)? +1 ° (x2) (x3)? +1 


1 
In 1st integral put x - 3 = and in 2nd integral put x - 2 =ton R.H.S. 


Then, we get 


--|-4.+j— 
040) * J(u? -20+1) 


du 


at at 1 
Vase) V2? f(u-1/2) +1727} 
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an 


in| = \(2u-1) , [w-u+}} 


=-Init+J(1+t) | a 


=-in|t +y(1+?) Vit 


+c 


2 
1 (x? -6x+10)} 1 (s5- 
=I r 
‘ea os [Ve 
1 1 
( ener andu=— +) 
——nflevee=6x+710)| | 1 ty 


neo xy, [ x? -6x +10 
2(x - 2) ' 2(x- 2)? 


«-3) | a" 
V. Integration of Trigonometric Functions 
1. Integration of the from fain” x cos"x dx 
Case | : If m is odd and n is even positive integer, then put cos x = t 
Examples : Evaluate : Join’ xcos? x dx 
Solution. Let | = foi? xcos? x dx 
Put cosx=t “sin x dx = - dt 


then I= J(1- cos? x)cos’ xsin x dx 
= fa-t?) ? (dt) 


= fat =)dt 


Woe eas 

=cos®’ x-—cos*x+c a i 
5 3 (cos x = t) 
Case II: If m is even and n is odd positive integer, then put sin x = t. 


Examples : Evaluate : Jsin’ xcos® x dx. 


Solution. Let | = fsint xcos*x dx 


Put sinx=t “. cos x dx = dt 


then I= ft! (1-ty dt 
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= ft (1-20 +t’) dt 


= ft‘ —2t° +t®)at 


=3e iy +t +c 

= tin? x ~2 sin” x +i x+¢ 
Case Ill: If m and n both are odd positive integers, then 
If m > n, put sinx =t 
If m <n, put cos x =t 


If m = n, put sin x = t or cos x =t 


Examples : Evaluate : fsin® xcos? xdx. 


Solution. Let | = fsin® xcos’ xdx 


Put sinx =t 2 cos x dx = dt 
then |= fea-tat 
= f(t -t7)at 
ett lyse 
6 
1 


1 

8. “38 

= sin’ x-—sin’ x+c 
6 8 


Case IV: If m+n = —-ve and even integer then convert the given integrand in terms of tan x and 


x then put tan x = t. 


Examples : Evaluate : fain” ocos'* 0 do. 


Solution. Let | = Join“ ecos* 0 do 
14 (4 
Herem+n= “io to" —2 (-ve) 


Since m + n = —-ve, convert the given integrand in terms of tan x and sec? x 


I =f de 
sin'*° @cos*’? 6 


do _ psec?@ do 
~? (ano)? 


then |= 
er 


4/9 14/9 
——saw, cos" Ocos"” 8 
cos'**@ 


Put tan@=t => sec? 6 dO = dt 


_ een 9 


+0=-<t +e 
5 


Ba 
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9 59 
=-=(tan@) +c 
a (tane) 
Case V: If m and n are small even integers, then convert them in terms of multiple angles by 
using the formulae 


cos? x = 129524, sin? x= sz, sinx cos x = sin2x 


and 2 cos x cos y = cos(x + y) + cos (x — y) 


Examples : Evaluate : Join x cos? x dx 
Solution. Let | = Joint x cos? x dx 


= J sin? x(sin? xeos? x)dx 
= fin? x sin’ 2x dx 
4 
1 ¢{1-cos 2x \(1-cos 4x 
wall K 2 Je 
=a Itt —cos 4x -—cos 2x+cos 4x cos 2x)dx 
=pfe-2 cos 4x -2 cos 2x +2 cos 4x cos 2x) dx 


=pJe-2 cos 4x - 2 cos 2x +cos 6x +cos 2x) dx 


yyli2-eos 2x -2 cos 4x +cos 6x) dx 


2 2° 6 


1 {2 sin2x _ sin4x mt 
Case VI: If m and n are large even positive integers then change in multiple angles with the help 
of compiex numbers. 


— 1 jeg 
if z=e*=cosx+isinx > >= e* = cos x ~i sin x 
1 et 1 
2cosx=z+7 and 2i sin x = z-7 


In general, If z" = cos nx +i sin nx then = = cos nx —i sin nx 
Since cos(-x) = cosx and sin(-x) = - sinx 


Evaluate | = Jsin®x cos‘ x dx (1) 


ng 1 
From (1), -2'° sin® x cost x = (2-3) (2-4) 
z 


z 
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-(z"+ sea 2+ x} 32+ x }+8(z*+ s}+2{z? )-12 
Zz Zz z Zz z 


= 2 cos 10x - 2. 2 cos 8x - 3 . 2 cos 6x + 8 . 2 cos 4x + 2 . 2 cos 2x- 12 
= 2{cos 10x — 2 cos 8x - 3 cos 6x + 8 cos 4x + 2 cos2x — 6} 


1 
or sin® x cos* x = pp {cos 10x — 2 cos 8x — 3 cos 6x + 8 cos 4x + 2 cos 2x — 6} 
l= fsin® xcos* x dx 


= ~7p{foost0x dz -2{ cos 8x dx -3{cos 6x dx +8{cos 4x dx +2fcos 2x dx ~6f dx} 


_1 STO _ 280K _3NER , BSA | 287% _Gx| ee 
~ 2 10 8 6 4 2 


+2sin 4x + sin2x—6x} +6 
10 4 2 J 


2. Integral of the form : 
fran” x sec" x dx 


Rule : 

(i) If m is even or odd integer and n is even positive integer than put tan x = t. 
(ii) If m is odd positive integer and n ¢ even positive integer then put sec x = t. 
(iii) lfm =Oandn=2r+1¥reN 


then fsec”"' x dx= fsec™ x. sec? x dx 

then integrate by parts taking sec? x as second function, 
Note : If m < even positive integer and n < odd positive integer, then integral is non-Integrabie. 
Example : Evaluate : fran? x sec’ x dx. 


Solution. By Using I* rule 

Here m = 2 andn = 2 

So let tan x = t => sec? x dx = dt 

test 

=> Is fe dt = = 3 tan’ x 

We can also solve it by using integral by parts as taking tan?x is I* function and sec? x as Ilr 
function. 
3. Integral of the form : 


| cot” xcosec"x dx 


Rule: 
(i) If m is even or odd integer and n is given positive integer then put cot x = t. 


€ Eduncle Mathes 


(ii) If m is odd positive integer and n ¢ even positive integer then put cosec x = t 
(iii) Ifm=Oandn=2r+1V¥reN 
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then foosec x dx = Joosec”-'x.cos ec? x dx 


integrate by parts taking cosec’x as second function. 
Note : If m © even positive integer and n ¢ odd positive integer then integral is non-integrable. 


Examples : Evaluate : [cot” x cosec* x dx. 


Solution. Let | = foot? x cosec* x dx 
Here m= 2 and n = 
or l= foot? x. (cot? x +1). cosec? x dx (since cosec’x = 1 + cot’x) 


Put cotx=t 
— cosec? x dx = dt 
> cosec’ x dx = - dt 


then [= [t(e +1)(-dt) 
=fer -t') dt 
te 
get 
__cot?x cot’ x 
3 “5 
4. Integrals of the form : 
° dx - dx 
® iF +bsin? x () Ie + bcos? x) 
‘a dx ‘ dx 
iy Farrar x w) peor. x +ccos? x 
i dx : f o(tanx) dx 
) (a sinx +bcos x)? (wi) asin’ x +b sin x cos x+¢ cos?x 


where a, b, c € R and not at a time all zero. 
Rule : We shall always in such cases divide above and below by cos? x; then put tan x = ti.e., 


sec? x dx = dt then the questions shall reduce to the forms lartara * bergen 9a) aye 5 
+ +bt+ 


Examples : Evaluate : [uw 
Solution. Let | = J £OS™ ax 
cos3x 
cosx 


~ ¢ 4cos’ x -3cosx 
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-|_* _ 
(4cos? x - 3) 


Divide above and below by cos’x, then 
is sec? x dx SES ROK = Sect x Ox sec? x dx 
4- 


4-3 sec’x 3(1+ tan? x) 


sec? x dx 
1-3 tan’x 


dt 


Put ¥3 tanx=t sec? x dx = 


dt/ V3 
“Teel 


V2, 1/2) 


1 
$i tsa) 
11 dt dt 
#4] S44] 


=s hi 1-4] 


= pyglintt+ f-Inft-1] 


5. Integrals of the form : 


: (asinx +b) i (acosx +b) , 
@ Nevbsme 10) \arssosw +bcos rh 


ua (asinx +b) 

ii) Siar bsinxy 

Rule : Divide above and below by cos? x, then 
Put a secx + btanx=t 


(2 sin x +5) 


Examples : Evaluate : lGeseant x 


(2 sin x +5) 
(245 sin x)’ 


Solution. Let |= [ 
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Divide above and below by cos? x, then 


i= pl2see x tan x +5 sec? x)dx 

7 (2 sec x+5 tan x) 

Put 2secx+Stanx=t 

; (2 sec x tan x + 5 sec? x) dx = dt 


1h¢ 
et 


1 


=-——_________ +e 
(2 sec x+5tanx) 


= 008K 6 
(2+5 sin x) 


(acos x+ b) 4 
Ww SexpcosnF* x) 
Rule : Divide above and below by sin? x, then 


Put a cosec x + b cot x =t 


Example : Evaluate : lacs X42) dx. 


‘1+ 2 cosx) 
_ f_(cos x +2) 
Solution. Let | = esrerrig Tex 
Divide above and below by sin? x, then 


1= poser x cot x+2 cosec? x) 
~ (cosec x +2 cot x)? 


Put cosec x + 2 cotx=t 
(- cosec x cot x — 2 cosec? x) dx = dt 
or (cosec x cot x + 2 cosec? x) dx = —dt 


= 
(cosec x +2 cot x) 


___sinx 
~ (1+ 2cosx) 


6, Integrals of the form : 


0) f(sinx +cosx) f(sin2x)dx (ii) J(sinx-cos x) f(sin2x)dx 


(0) J(sin x+cosx) f(sin2x)dx 
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Rule : Since integral for sin x + cos x is sin x — cos x 
Put = sinx - cos x = t “(cos x + sin x) dx = dt 
and = sin? x + cos?x- 2 sinxcosx=t or sin 2x=1-t 


then J (sin x + cos x) f(sin2x)dx = fra 1?) dt it can be evaluated easily. 
Examples : Evaluate : fovtanx + cot x) dx. 
Solution. Let | = Jovtanx + vcotx) dx 


ypu + COS Xx) de 


Vsinx cos x 
Put sinx-cosx=t BA (cos x + sin x) dx = dt 
and sin? x + cos? x — 2 sin x cos x = 
f i ea 1-? 
> 1-2 sin x cos x = t? >sinxcosx = 2 


then I= [ pany 
2 


= V2 sin(t)+e 


dt 
(1-1?) 


= 2 sin'(sinx -cosx)+¢ 
(ii) f{(sin x -cosx)f(sin2x)dx 


Rule : Since integral of sin x - cos x is - cos x — sin x 

Put sinx+cosx=t si (cos x — sin x) dx = dt 
and sin? x + cos? x + 2 sin x cos x = t? 

or sin 2x=?-1 


then fisinx —cos x)f(sin 2x)dx = fr —1)dt it can be evaluated easily. 


(sinx - cos x)dx 
(sinx + cos x)/(sin x cos x + sin? xcos” x)" 


Examples : Evaluate : f 


(sinx — cos x)dx 
(sinx + cos x)y(sin xcos x + sin? xcos’ x) 


Solution. Let | = J 


Put sin x + cos x =t ae (cos x — sin x) dx = dt 
=> (sin x — cos x) dx = - dt 
and sin? x + cos? x + 2 sin x cos x = ? 

v-1 


> sin X Cos x = 


2 
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wf 2dt 


ti -1) 


| re = 
He) 


Again put t¢- 1 = 2? 


> 40 dt = 22 dz or 2t? dt = z dz 
zdz 
then I=- - -tan" 
Same" Tear “yo ee 


=-tan" (J(t*-1)) +e 
=-tan'(f{(sinx + cos)*—1})+¢ 


7. Integral of the form : 
jr (sin x, cos x) dx 


Rule : 

(i) if R (— sin x, cos x) = — R (sin x, cos x) then put cos x = t 
(ii) If R (sin x, -— cos x) = — R (sin x, cos x) then put sin x = t 
(iii) lf R (- sin x, - cos x) = R (sin x, cos x) then pul tan x =t 


dx 


Examples : Evaluate : I aaqaeastxeay: 


dx 
Solution. Let | = SSaniecx=5 
Se es 
sin x(2cos? x - 1) 


1 
~sin x(2cos? x - 1) 


Let —_R (sin x, cos x) = 


> R = (- sin x, cos x) = = — R (sin x, cos x) 


therefore we put cos x =t % sin x dx = - dt 
16 i dx os Jj sinx dx 
sinx(2cos’x-1) * (1- cos? x)(2cos? x - 1) 


dt at 
“Ta 2-1) SG ~P)T- 207) 
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=f; ae tae} 


= tree aero 217) 


el 


=-lasey* wie 
(ya) -f 


out 


ae 5 
1, \r4t} 4 ele 
2h a howl” 
= 1+cosx| 1 inttv2cosx| | 
7 1 cos x| ein 1-J2cosx 
8. Integrals of the form : 
7 i - J dx 
0 (a+bsinx) qi) (a+bcosx) 
o i dx F i dx 
(ii) (asinx + bcosx) (iv) (asinx + bcosx +c) 
(tan x /2)dx r (pcos x + qsinx) 

” rereperecy (vi) \Geexebann 


: (pcos x + qsinx +r) 
(vil Se cosx +bsinx +c) om 
Rule for (i), (ii), (iii), (iv), (v) : 

, _ 1=tan?(x/2) sinc 2tan(x/2) 
Write cos'x = 1+ tan?(x/2)' ~ 1+ tan?(x/2) 


the numerator will become sec?(x/2) and the denominator will be a quadratic in tan(x/2). Putting 
tan(x/2) = ti.e., sec*(x/2) dx = 2 dt the question will reduces to the form 


dt it 
= or je 
at’ +bt+c at’ +bt+c 
dx 
H I SA by emaerprommen <a 
Examples : Evaluate Ser 4cosx) 


J dx =f dx 
(5+ 4cosx) | 5 a{ detan'(x/2)) 
2 rare) 


Solution. Let | = 


-f sec?(x/2) dx 
© 4 (9 +tan?(x/2)) 


Put — tan (x/2) =t ss sec? (x/2) dx = 2 dt 
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men 102 fae at (5) 


~2 gant @M/2)) 
=3 lan l 3 yee 
9. Integrals of the form : 
, ax ‘ 

0 Ne +bsinx)? ci) 
j dx 

0) (a+bsinx) 

(asinx +b) 
Rule : Putt = (@+bsinx) 


(a? —b’)cosx 


ae (a+bsinx)’ of 
i dx 
Example : Evaluate (5+4sinx)" 
sie _ Ssinx+4 
P ~ 5+4sinx 


(5° - 4?)cosx 


a (5+ 4sinx? 


7 St 
From (1), sin x = Boa 
(5-41) dx 


” o7,Ja-1) ~ (5+4sinx)? 


Integrating both sides, we get 


From (2), 


-4 - 
then cos x = vi- sin? x = 


—tdt 


i dx 


Gram BIR t) ae ) 


Let 1-— = 2=> - tdt = zdz 


2 55 sin Ng La 
“a 27° 2 


5 
= asin ‘tat fae te 


en | 
=—~sin't+—z+e 
27 27 


5 4 
*57 50 "te a 


(i-?) +c 
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i dx 
(a+bcosx) 


(1) 
ats 23 dx 
(a?-b?)cosx  (a+bsinx)? (2) 
(1) 
(2) 
3y0-1?) 
(5-41) 
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- 2 gi 4f5sinx+4 Pa cosx ~ et oSiNnx +4 
27 5+4sinx) 9(5+4sinx) * "5+ 4sinx 
dx 
10) Nerbcosn 
(acosx +b) 
Rule : Put t = (a+ bcosx) (1) 
2 _ a2) si 
mu a*)SiNX ay dt dx 


(a+bcos x)? oF (b? — a?) sinx ss (a+bcosx) 


Now substitute the value of sin x in L.H.S. from (1) in terms of t and then integrate both sides. 


dx 


Examples : Evaluate : Vaaeiacss a 


dx 


Solution. Let | = Saaviscosar 


(12cos x +13) 


Puts t= (12 +13.cos x) (0) 
re 25sinx dt dx 2 
~ (12+13cosx)* = 25sinx (12+13cosx)’ 2) 
_ 12t-13 . Sy 1) 
From (1), cos x = 12-13 a sin x = (12-131) 
(12-131)dt_ dx 
From (2) 
(2), 125 1254 1) y “(12+ 13cosx) 
Integrating both sides, we get 
tdt 


lara wale -1 “as ye - 


any fe |-2 Yee 
= agg init (t? -1)1 725 (tv +e 


Ssinx +12cosx +13] _ 13 sinx 
12+13cosx 25° (12+13c0sx) © 


= ess) 
12+13cosx 


“725 


10. Integrals of the form : 


@ Iufsec? x ta) dx 0) if (cosec?x +a) dx 


(ii) | (tan? x +a) dx (iv) if (cot? x +a) dx 
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0) J (sec? x +a) dx 
Rule : 


(sec? x +a) ix 


(sec? x +a) 


Let |= ,(sec?x+a) dx= \—— 


= [ee sec’ x dx oj 
(sec? x +a) Tee xta) 
sec’ x dx cosx dx 


ae error arg al a(1- sin? x) 


In first integral on R.H.S. put tan x = t and in second integral put sin x = u 
Example : Evaluate : Julsec x-2) dx 
Solution. Let | = J (sec? x —2) dx 


= (Sec). (sec? x — 24 


me (sec? x - 2) 


= [Se sec’? x dx -2f dx 
XC (sec? x - 2) (sec? x-2) 


spesecen ges sec’ x dx =f eee cos x dx 


6g (tan? x-1) v1-21- sin? x) 


cos x dx 


5 a 
“Wena an? x ee are (2 sinx)? -1 


In first integral on R.H.S. put tan x = t and in second integral put V2 sin x =u. 


du 
ie., sec? x dx = dt and cos x dx = rl 


1=j—$ 21 du 
VC ea ~al Ve-9 (u? -1) 
== In (t + y(t =1))- v2in(u+ Vu -1) +0 


=- In (tanx + J(tan’x =1)-V2in( V2 sinx + V2sin? x -1)+e 
(iil) fier? xta)dx and 


(iv) J(cot? x +a) dx 
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Rule : In this case change tan? x into sec? x — 1 and cot? x into cosec? x — 1 and then proceed 

as in (i) and (ii). 

(vi) Integrals of the form 


, ¥ _, ¢{ ae™ +be* 

() file" yax w J (22a Joe 

) fle" )dx 

Rule : Transform into an integral of a rational function by the substitution e* = t. 


Example : Evaluate : es 


dx 
Solution. Let | = Saves 


Divide above and below by e* then 


er 
l= dx 
Sire 
Put l+e*=t “ e* dx = -dt 
dt 
then I= —J> 
= -Intte 


s-in(it+e*)+c 


w ( ner Jo 


pe"+qe 
d 
Rule ; Express numerator as | (Denominator) + mG, (Denominator) 


Find I and m by comparing the coefficients of e« and e~ and split the integral into sum of two 
integrals as 


de. of (Denominator) 4, 


Id: 
J + mf (Denominator) 


= Ix + m In | Denominator | + c 
4e* + 6e" 
Example : Evaluate : | Oe" de * |ox 


4e* + 6e* 
Qe" de® |x 


Solution. Let | = (z= ~de* 


Express Numerator as 


> Numerator = [(Denominator) + mo (Denominator) 


or (4e* + 6e*) = I(9e* — 4e*) + m(9e* + 4e*) 
Comparing the coefficients of e« and e* on both sides then 
4 = 91+ 9m and 6 = -41 + 4m 
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After solving we get 
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mal) 


35 
(9e* —4e*)+—(9e" + 4e*) 
then |= f 36. 36. 


d: 
(9e* —4e*) ig 


19 35 -(9e" + 4e* 
x + || —_—_ |dx 
36 36/\ 9e* —4e * 


SI RS ge ge 
= "36 3 In (9e" - de) +c. 


(viii) The Integral of A Binomial Differential 


A binomial differential is a differential of the form x™ (a + bx)P dx where m, n, p « Q and a, b 
are constants not equal to zero. The integral 


fxr + bx"? dx 


is expressible in terms of elementary functions in the following three cases : 
Case 1: (i) If p < N then expand by the formula of Newton Binomial. 
{ii) If p < 0, then we put x = t* where k is the common denominator of the fractions m and n. 


1 
Case 2: If an. Integer then we put a + bx" = t* where a is the denominator of the fraction p. 
Example : Evaluate : foe + x)(x* + 2°)" dx 
Solution. Let | = (x? + x)(x* + 2x°)!'dx 
=J& + 1..(08 + 22) dx 
= f + 1)(x? + 2x)" dx 
Put x +2x=t 
dt 
2x + 1)dx=dt = (x+1)dx= z 


11041 
t 


eSigins 
274 it af 
Ae 
70 


ios 42x)" +0 


be dyer 


iS 
5 
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2. DEFINITE INTEGRALS AND THEIR PROPERTIES 


Definition : Let f be a function which is continuous on the closed interval [a, b]. The definite 
integral of f(x) from a to b is defined to be the limit 


[00x = tim $0. )ax 


where ¥10x,)ax 


is a Riemann sum of f(x) on [a, b] 
Newton-Leibnitz Formula 

Let f be a function of x defined in the closed interval [a, b] and the function F is an antiderivative 
of f on [a, b], such that F’(x) = f(x) for all x in the domain of f, then 


Ptejax =F(x)+ df 


= (F(b) + c) - (F(a) + c) 
= F(b) — F(b) 
Note : In definite integrals, constant of integration is never present. 
Rule for Finding Definite Integral 


To evaluate the definite integral Pteydx (a<b) 


First find out the indefinite integral of f(x) i.e., Jieoax, leaving the constant of integration c. 


Let ff(x)éx=F(9) then fP1(x)dx=F00 
= Lim F(x) - Lim F(x) 


To evaluate above the following cases may arise : 
Case | : If f(x) is continuous at x = a and x = b 


Lim F(x) = F(a) and Lim F(x) = F(b) 
then [? f(x) dx = F(b)-F(a) 
Case II : If f(x) is continuous at x = a and discontinuous at x = b: 
Lim F(x) = F(a) 
then (°f(x) dx = Lim F(x) - F(a) 


Case III : If f(x) is discontinuous at x = a and continuous at x = b: 
Lim F(x) = F(b) 
xb 


then 7 (x) dx = F(b) - Lim F(x) 
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Case IV: If f(x) is discontinuous at x = c (a< c <b): 
f(x) is discontinuous at x = c or f(x) has different values in 
(a, c) and (c, b) then 


PP tx)dx = f° tddK +f fOgax 


Note : If f(x) is not defined at x = a and x = b and defined in open interval (a, b) then ft0)¢x 
can be evaluated. 


Example : Evaluate : fix dx. 


sp 
Solution. f. x‘ dx= + = ie -(-1)°) 
Li 
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a 
Geometrical Interpretation of the Definite Integral 
First we construct the graph of the integrand y = f(x) then in the case of f(x) 2 0 v x ¢ [a, bl, 
the integral fPf09 dx is numerically equal to the area bounded by the curve y = f(x), the x-axis and the 
ordinates x = a and x = b. 


>X 


Fig. 
OR 


ff ax is numerically equal to the area of curvilinear trapezoid bounded by the given curve, the 
Straight lines x = a and x = b, and the x-axis. 


. 
In general : J f(x)dx represents an algebraic sum of areas of the region bounded by the curve 
y = f(x), the x-axis and the ordinates x = a and 
Y 
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x = b, The areas above the x-axis enter into this sum with a positive sign, while those below the 
x-axis enter it with a negative sign. 


PtQ)dx= A, A, +A, - AL + As 
where A,, A,, A, A,, A, are the areas of the shaded regions. 


Example : Evaluate : fimax {2-x, 2,24 x}dx. 


Solution. To find fimax (2 ~x,2.14 x} 


when x<0 

y = max{2-x, 2,1+x)=2-x 
when x>0 

y = max{2 —x, 2,1 +x) =2 
Plotting these curves on the XY plane 


f(x) = max{2 - x, 2, 1+ x} 
F vc 


fmax{2—x,2,1+ x} = Area of shaded region 
= Area of square ABCD + Area of ADEF 
=2x2+2x4«1 
2 


aye! 
7 2 


9 
2 


Example : Evaluate : fmin {IxLix-1], [x + 1 [dx 
Solution. The graph of f(x) = min {I x |, |x - 1 |, | x + 1 [} is shown as in Fig.. 


Y 


>X 


Fig. 
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Therefore [mint xL,1x—1 |, |x +1 [} dx = Area of shaded region 


1 1\_1 
-2x(Jatxd) a3. 


Example : Evaluate : [imax {x + | x |, x - [x]} dx, where [x] denotes the greatest integer < x. 


2 
Solution. l= max {xt Ixhx-[x]} dx. 
x-x=0, -2<x<-1 
x+1xk x-x=0, -1<x<0 
+ 1XI= 
X+X=2x, O<x<1 
X+X=2%, Lex <2 
0, -2<x<-1 
_j}0, -1<x<0 
“Vax, 0<x<1 
2x, 1<x<2 
X42 -2<x<-1 
x<hde X+10 -1<x<0 
“| x Q<x<1 
xX-1) 1<x<2 
=f 'max {0, x4 2idx+ [? max {0.x +1}dx + [imax (2x,x} dx + [max {2x, x+ 1}. dx 
l= fix +2)dx+ [ber ax+ f2x dx + [°2x dx 
x? Kade Fe oe eee ee 
l= te nae ait] teh +P) 
1-[3-2-2+4]+[0+0-2+1] [1-0] [4-1 
2 J 2 
lapepetes 
=1+1+3 
=§ 


Definite Integral by standard methods of indefinite integral 


(i) Transformation Method : To evaluate the integral A f(x) dx we can transform f(x) into other 


function (x) without any substitution then 


fP fo) dx = f° 9(x) dx 


and then rc) dx evaluate easily. 


Example : Evaluate : Sf (1+ cos 2x) dx 
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Solution. Let | = J, V+ cos 2x) dx 


=} VZicosx! ax (since cos2x = 2cos’x - 1 ) 
202071 cosx| dx +2 J[ los! dx 
= 2 [f cos x dx- 2 [" cos x dx 


= 2 B (sinx)|. - V2 (sinxy, " 
= V2 (1-0) - f2(0-1) = 242 


(ii) Substitution Method : By the substitution x = 9(x) in the definite integral f tea, the lower 


and the upper limits change. 
When x = a then a = oft) > t = g" (a) 
and when x = b then b = oft) > t = gt (b) 
Hence the new lower and upper limits are $~ (a) and 4" (b) respectively. 


Again put In (t+ (+t?) =z 
try P)=e > (1+) =(e7-1) 


e-e* 
> 14+? = e% +t? - 2ter or =| 2 } 


When t= O0>z=0 


te wm zen 


(e* +e") +e) a 
Neco 


is ; [f(r dz 


-7{0- 9)- (4 n -s}} 


Ht 
~2\t-n net 
a) 
“1-1? 


(iii) By Parts Method : Let u and v are the functions of x, u and v have continuous derivatives 
on the interval [a, b]. Then 
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Puvidk = | 


r -fiuv dx 


where u’ and v’ are the derivatives of u and v respectively. 


2/3 
Example : Evaluate : f x cosec? x dx. 


Solution. Integration by parts, Definite Integral 


flu w fPvdu 


I= J? x.cosec?x dx 
i 


= J2x.d(-cot x) 


=x{(-cot OE - Re cot x).dx 


=x{-cot + cot] [log sin 
“aero sos 
Me) 
a) 8) 
b-ball 
ofp} 
Ys Log! 


Properties of The Definite Integral 


Mathematics (Basic integration) 


Some simple properties of definite integrals can be derived from the basic definition, or from the 


Fundamental Theorem of the Calculus. 


(a) [J dx=0 
If the upper and lower limits of the integral are the same, the integral is zero. This 
becomes obvious if we have a positive function and can interpret the integral in terms of 
‘the area under a curve’. 

(b) Ifasb<e, 


ff) dx = Pte dx + ff f(x) dx 
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This says that the integral of a function over the union of two intervals is equal to the sum 


of the integrals over each of the intervals. The diagram opposite helps to make this clear 
if f(x) is a positive function. 


(c) Peto dx= of, f(%) dx for any constant c. 


This tells us that we can move a constant past the integral sign but we can only do this 
with constants, never with variables! 


() PG) + 9(x)) dx = mic) ax+ J? 900 dx 
That is, the integral of sum is equal to the sum of the integrals. 
(e) If f(x) < g(x) in [a, b] then 


(to dx< Pow dx. 


That is, integration preserves inequalities between functions. The diagram opposite explains 
this result if f(x) and g(x) are positive functions. 


) — ffedx=clb—a) 


! 
This tells us that the integral of a constant is equal to the product of the constant and the 
range of integration. It becomes obvious when we look at the diagram with c > 0, since 
the area represented by the integral is just a rectangle of height c and width b — a. 
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(9) We can combine (e) and (f) to give the result that, if M is any upper bound and m any 
lower bound for f(x) in the interval [a, b], so that m < f(x) < M, then 


m(b—a)< f f(x)dx < M(b - a), 


This, too becomes clear when f(x) is a positive function and we can interpret the integral 
as the area under the curve. 

(h) Finally we extend the definition of the definite integral slightly, to remove the restriction that 
the lower limit of the integral must be a smaller number than the upper limit. We do this 
by specifying that 


[Pf dx = —f f0ddx 


For example, 
1 2 
f,f@)ax =-f, f(x)dx. 
Example : Evaluate : pan, a<b 


| XL 
Solution. Let | = Ia % 


Casel: WhenO<a<b 


b 
bX . 
then 1: (ieee | Fee =a) B38 
=!bl-lal (1) 
Case Il: Whena<0<b 
0 . 
then 1=—[1.dx+['1.dx 
=— (0 -a) + (b- 0) 
=bt+a (2) 
=lbl-lal 
Case Ill: Whena<b<0 
then I= [°(-1).dx=-(b-a)=-b+a 
=[bl-lal (3) 
It is clear from (1), (2) and (3) we get 
(tex tbi-tal 


a OX, 
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312, 

Example : Evaluate f |x sin xx | dx 

Solution. Let | = 27 1xsin ax | dx 


eae 32 é ieaiiat x sin nx, -15xK<1 
= J xsinnx dx + f°" (-xsin ax)ax RSE ein C1Ex€3/2 


ie at Has 2a 
- {eos , sn} - {eee , See 
a 1 


x w © we 


“(8-9-2909 
3 


Some other properties 
Property : J tooax = [fe -x) dx 
Proof : Analytical Method : 
RHS. = f° f(@— x) dx 


Put a-x=t “dx = —- dt 
When x=O>t=a 
x=a>t=0 


RH.S. = imi) (- dt) 
=-['F() dt 
SO 

= [710 dx 

=L.H.S. 


Removal of x : Let | = fp xfo9) dx, where f(x) is a function of x whose integral is known and f(a 
— x) = f(x) then apply above property. 


dx 


Example : Evaluate : Meret ne 
+tan x 


2 dx 
Solution. Let 1 = J, (1+ tan" x) 
+12 cos’x 
- —cos'x wT 
i cos" x+ sin” x : 
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2 sin"x 

=| ————_ax 

{ sin” x + cos" X 2) 
Adding (1) and (2), 
212, n 

a= if 1. dx => 
Hence | = 1/4 
Hence remember that : 
. x2 SINX _™_pr?__cosx 
0 f sinx+cosx 4 f sinx + cos x 
3 2 OX om pei? aK 
@ f Tenxca 1+ cotx 


aac dx 


be ae 
ii) f 14 J(tanx) 4 


© 14 J(cotx) 
‘ wit tanx 4m _ px!2_cotx 
w) { 1+tanx Saale 1+cotx 
c° v(tanx) este: i y(cotx) 
“ 0 1+ y(tanx) 4 fo 44 (cot x) 


; (2 dx rc? dx 
0) 0 q4(tanxy? 4 "9 14 (cox)? 
Example : Evaluate : fi x(1— x)? dx 


Solution. Let |= ['x(1- x)” dx 


put t=1-x = dt=-dx 
at x=O>tel 
and x=1>1t=0 


I= -fa- ny” at 


=fia-ye at 


= fi Va 


1” xt u 
sara 
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1 1 


“700 107 
eae 
~ 70100 


= xsinx 
Example : Evaluate : i Acos x: 


xsinx 


Solution. Let | = Uarcosx 


(1) 
-[ (x—x)sin(n— x) 


1+cos?(m- x) 


= fe 2snx x)sinx 
0 1+c0s" x 


(2) 


Adding (1) and (2), we get 21 = x fener 
Put cos x =t “sin x dx = - dt 
When x=O>t=1 


xeanote-1 
1 dt 
en 


1+0? 
1 dt 
Lie 


=atan' tf, 


= x {tan 1 - tan’ (-1)} 


= x {2 tan' 1) 
l=antan’1 = «7 
2 
X 
Hence | = Tr 


Remember that : 
(0) ('t(sin x)dx = [C'tlcos x) dx 


(ii) (ttan x)dx = fF" tteot x) dx 
(iii) ["tfeec x)dx =f *t(cosec x) dx 


Property : fit dx= f f(a+b-x) dx 


Note : In 95% cases a + b = ee nm and in 5% cases a + b = 1, 2, 3, ..., A etc. 
Example : Evaluate : f ner neR 
©1+tan"x 


417 
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2/3 1 
Solution. Let | = errr} 
<3 COS"X 

6 cos" x + SiN” X 


cos'($+2-x} 
3.6 


cos’ |=42-x|+sin"| 242-x 
3.6 3.6 


(1) 


dx 


(2) 


fe sin’ x 
*/6 sin" x + cos" X 


5/9 


© 
Hence | = T2 


Property : 
O, if f(x) is odd ie, f(-x) =-f(x) 
J f00 dx = be f(x) dx, if f(x) is even ie., f(-x) = f(x) 


Example : Evaluate : 


(2x7 +3x° —10x° — 7x? -12x? +x +1) 
5 dx 
WB (x? +2) 


(2x? + 3x® -10x° — 7x? - 12x? + x +1) 
+ dx 
(x? +2) 
_ pv (2x? -10x° - 7x? Day 2 (3x° —12x? +1) 
I (x2 +2) WZ (x? +2) 


aoe 
Solution. Let |= [/- 


2 3x° -12x? +1 . ‘ 
=0+2), “aaa ae {-: 1st member is odd and second member is even} 


_ og fX23X7(X? + 2)(X? - 2) +1 
=7f (Car 


5 


= mi2_16v2 
4 
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v2 1 
= 5p (St- 64) = (n-64) 
Property : 
if ia 0 if f(2a - x) =-f(x) 


\2f, f(x) dx if (2a - x) = f(x) 


Example : Evaluate : f "In sin x dx 


Solution. Let | = ia sin x dx AT) 
=f7n sin( Sx} 
0 2 
32 
=f, In cos x dx (2) 


Adding (1) and (2), 21 = frm (sinx cos x)dx 


= [n( S028 Nex 
0 2 


=f" sin 2x ox f""In 2 dx 
0 0 


= 77m sin 2x dx -2in 2 
lo 2 


dt 
Put 2x = t= dx = > 


When x=O>t=0 
x=n2>ten 


Tepe F 7 
a= ah In sint.dt—3in Z 


Here if f(t) = In sin t 
f(x - t) = In sin (x — t) = In sin t = f(t) 


1 ph x 
then 21 = ah In sin t dt-Fin 2 


a2 x 
a= f In sin x dx—Fin 2 


x 
=I-=In2 
2 
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Hence remember that : 

; a2 _ par _t 

@ i In sin x dx = [. In cos x dx = am 2 
i) f'n tan x dx = jn cot x dx=0 


(iii) f'n sec x dx =f" cosec x dx =5n 2 


Example : Show that fr ttsin2x) sin x dx =f” "f(sin2x) cos x dx 
=V2)""t(cos2x) cos x dx 


Solution. Let | = F'ttsin2x) sin x dx (1) 


= £¢[sn2(E- x) }sin($- x} 
a Ftesin(a - 2x)) cos x dx 


= [C*tesin 2x) cos x dx 
Adding (1) and (2), we get 
a= fF" tesin 2x) (sin x + cos x) dx 
= V2." Hainan Fo sinx + pos xJex 
i V2I-"t¢sin 2x) sin (x + 2/4) dx 


Put x= 7-t=> dx =-dt 


When x= 0 >t= x/4 
x= 2 >t -a/4 


a8 (me \ oi nf % 
a=V2f 7 ‘(s0(§ = 21) sin( 5 -1}(-a) 
= 2" t(cos 2t) cos t dt 
=v2)"" f(cos 2x) cos x dx 


= 2N2f"“t(cos 2x) cos x dx 


Hence | = 2°" t(cos 2x) cos x dx 
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Property : (Time Saving Property or Help line property) 


Pteo dx = mic +c) dx 


and Pte) dx = rg f(x-c) dx 
Analytical Method : 
Put xt+c=t & dx = dt 
When x=a-cotta 
x=b-cot=b 
then [f(x +o)dx = ff(t)dt = [°£() dx 


Also putx-c=t 
dx = dt 

When x=atc=>ote=a 
x=bt+tcot=b 


then °° f(x-c)dx = f° f(Nat = f° £00) dx 
Example : Show that the sum of two integrals 
feet Fda + 37" e297 dx 
4 ha 
is zero. 


Solution. Let | = [pet ax + 3f exe? dx 


5:5 2 
=f cere x43 
as 


wlmohe 


2 
Fett (2/90-(2/3)" gy 
3 


= frevax + af et dx 


Put 3x = - t in second integral then 


3 dx = — at 
When x=- 1/3 > t=1 
x=O>t=0 
then |= —fle"dx-f"e" dt 


=-f ev dx + fie’ dt 


= -f. eo dx + fer dx =0 


" 


Example : If f(x) fea, x>0 then prove that liter? e* {f(x + a) - f(1 + a}. 


Solution. R.H.S. = e= {f(x + a) - f(1 + a)} 
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ot tt 


ie a 


put t-a=u->dt=du 
at t=1+awegetu=1 
at t=x+ awe getu =x 


xe 
J sae 


x e@ 
“f (ay 


=LHS. 
Property : (Time Saving property or Help line property) 


fPt09 dx =k [Pex ax 

b 1 poe (x 
and [ f(x) dx “7 j. (Eh 
Example : Evaluate : filsinanx Idx. 


Solution. Let 2nx = t = 2x dx = dt => dx = 


n|2 


ifx=O>tsO0;x=s1>t=2n 


cr | a a 
> If, Isint l= 5-5 [sint| dt 


=z fsint at- 2 f"sint dt 
7 mare. 


= - (cost), + (cost) 


2m 


hd 
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1 1 
=-~—(cosn-cos0) + —(cos2n-cosz) 
2n 2x 
1 1 2 
Pm | roe GP) Joe 
ra a Ts a 


Example : Show that fren etdz=e""4 i ee? az. 


Solution. Let | = f e*e” dz (here x is constant) 
ut z= Att dz = xt 
pl 2 Fy Zz = 
when 2=O>t=-x 
Z=x>tex 


TEE Sexo) Qt 0ent ay 
l= he e ‘dt 


* (P74 gt 


er" et at 
A thag tt ata is ion’ 
=38 af? et “dt (-: Function is even) 


ars eer 
setter dt 
OR 


LH.S. = fen edz 
lo 
= f et?) dz 
o 


Hoy MCa? ree x8) 
=f, ef 432 14)-02 140) 7 


=ffe ((z-x/2F 07/4) gz 
0 


a a aca dz 
lo 


put z-x/2=t => dz=dt 
at z= 0 we get t = -x/2 
at z= x we get t = x/2 


= ed e'dt 


put t= u/2 => dt = du/2 
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at t= -x/2 we get u = -x 
at t= x/2 we get u = x 
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4 ia f* (ui2y 
=e few?%az 


=92e “fe ‘dz (function is even) 


=e" “Per dz 
0 


= RH.S., 
Property : (Reflection Property) 


PtGaax = [0 dx 
Proof. Analytical Method : 


Let I= f"f(-x)dx (1) 
Put - t Bx dx = - dt 
when x b>t=b 
s-axztea 
then 1 = —{"f(t)at 
= f(a 
= [fodax 2) 


From (1) and (2), we get fite0 dx =/e f(—x) dx 
Graphical Method 


The curve y = f(-x) is obtained with the help of y = f(x), «- y = f(-x) is the mirror image of y = 
f(x) in the y-axis. 


It is clear from the Fig.. 


Y 
C = f(-x) y = f09 c 
} a 
B A’ Al B 
-b =a of a =X 
Fig. 
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Area of ABCDA = Area of BAC’D'A 


then Pteo dx = fe f(-x) dx 


26 dM 


Example : Evaluate: |, Tetan® x" 


x6 dX 


Solution. Let | = i. a Tetan™ x 


2i3 ax 
216 1+ (tan(—x))” 


3 cos” x dx 
© dsi6 (sin? x + cos”” x) (1) 


cos (E+ E—x]ee 

and =f? 3526 

"sine (E+ Z—1]+ 00 (E+ 2—x] 
\3"6 3° 6 


=f% sin” x dx 


*/6 cos” x + sin?” x @) 
7 af 3, x. *%_t 
Adding (1) & (2) we get 21 = Lip Mag Ee 
pecs 
"12 
Property : If f(x) is discontinuous at x = a then 


f(x)dx = f° {f(a - x) + fla + 0) ax 
Proof : RH.S. = [ {f(a—x)+f(a+ x)}dx 

2 fife = x)dx + k f(a+x)dx 

=f) la-(a-x))dx+ [Ps 100ax 

= ff f(xyax + fo) dx 


2 ie f(x) dx =LHS. 


x sin 2x sin{ Zcos x) 


rs) 


Example : Evaluate : fe dx 
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x sin 2x sin Sos x) 
eS (ee) 


(Q@x-n) a 


Solution. Let | = i 


Integrand is discontinuous at x = x/2 then 


“ C G -x}sina{ 2 x|sin{ Zeos{ 3 ‘)), 
° {5-x)- Ea 


[z+ x}- x 


3 + x} sin2x) sin £¢- sin »} 
2x 


Ea fi < (rs: 
(§-x}sinax sin( Esinx) 
22(2 J 2 


—2x 


{x-3)sin2x-sin{ Esinx (5+ x sin 2x)sin( (sn ») 

2 2 2 dx+ [742 2 

+ f 
2x o: 2x 


dx + el 


2x sin 2x sin( 2sin x) 
x12 2 
=f, x 
0. 2x 


=f *2 sin x cos x sin(Zsin x Jax 
0 v4 


2 
Put sin x = t then cos x dx = —dt 
2 r 
‘ 2 9522(2 Jain 
nee ba 
B ps2, 
ah tsint dt 
8 2 a tt? 
= {i-eos yl + sint/ \ 
8 8 
=atl-O=] 
Property : 


ft) dx = (ba) f(b -a)x + a)dx 
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sint 4x sin(t/ 
Example : Given rire = a, find the value of fe a in terms of a. 


x _sin(t/ 2) 
Solution. Let | = (a 


sint/2 
=4n-2, b=4n, f(t)=— 
Where a= 42-2, m, f(t) ree 


according to property - feo dx=(b- a) f(b —a)x + a)dx 


ee 
2 (Gn - Gx - 2) aa aye 
ssin(2n+(t-1 
1=2h an eee an [+ sin(2n+) = sino] 
1 sin(t—1)dt 
= acorn “(4=2t)_ 


1 sin(t—1) | 
=[, Ce (substitute t = 1-1) 


_ pisin(gi-t-1) 
=f, 2-(1-t) im 


=f ae yet [-- sin(-0) = -sin(0)] 


“sin t 
O+t 
-a (given) 
Property : 
r f(x) dx=n iN f(x) dx; 
where 'T' is the period of the function and n < | 
ie., f(x + T) = f(x) 


Example : Evaluate : f° Wir cos 2x) dx 
100 
Solution. Let | = fi (+ cos 2x) dx 
=f" VZicosx| dx 
100 
=V2), |cos x | dx 


=1002/"Icosx| dx (-: | cos x | is periodic with period x) 
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= 1002} (;"leosx | dx+ J[,leosx | ax| 


= ro0V2 f°" cosx dx- [” cosx ax| 


(-- cos x is +ve in (0, n/2) and -ve is (x/2, x)) 


=100V2 {sinx 
=100V2{(1-0)- (0-1)} 
=200V2 


ng 
p ~sinx| 


Property : [too dx =(n- mf f(x) dx 
where ‘Tis the period of the function and m, ne | 
ie, f(x + T) = f(x) 


Proof, LH.S. = J f(x) dx= 


0 f(x+mT) dx 


a "400 ax (+ f(x) is periodic) 
e(n- m) ff) dx 
= R.H.S. 


1992 | 1-cos2x 
Example : Evaluate : J, ( 2 28 tx 


« ff 1-cos 2 

Solution. Let | = [° {2-252 Noe 

= ia sinx | dx 

=(1 99 -(-1)f" I sinx Idx (| sin x | is periodic with period x) 

= 200["sinx dx 

= 200 (-cos x)[, 

= 200 (1 - (-1)) = 400 
Property : 

beat a 

i f(x) dx =f, f(x) dx 
where 'T' is the period of the function and n < | 
ie, f(x + T) = f(x) 


Proof. LH.S. = [.." f(x)dx = [°t(x +nT)dx 


= Mic) dx (2 fc + nT) = 09) 
= R.H.S. 
Example : Show that 


(“sin x|dx =(2n+1)-cos V 


where ne N andO<V <x. 
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Solution. Let | = [""“Isin x|dx 
= ["Isin xldx+ [""“Isinx dx 
=n filsin xIdx+ f'Isinx! dx (-: | sin x | is periodic with period 7) 
=nf” sin x dx+ {sin x dx (. O<Vsx) 
=n(- 


= n(1 - (-1)) + (- cos V + 1) 
= (2n + 1)- cos V 


' v 
|, +(-cos x), 


Ex. Find the value of 1=f"3Isinx| dx 


Sol. I= {"Isinx| dx + j.""*lsinx| dx 


= 5f, 1sinx| dx+ [74 sinx dx 


ee 
21 


= 5(1+1)- (4-1)- 7 


Property : Leibnitz’s Rule : 
(i) lf u(x) and v(x) are differentiable functions of x whose values lie in [a, b] and f(x, t) is 
continuous then 


- Fete .t) atl = (Ste. at Ms, u(0))- At fa, u(e) 


Note : Where Sits t) represents the differentiation with respect to x treating t as 
constant. 


(i) If f is continuous function on [a, b] and u(x) and v(x) are differentiable functions of x whose 
values lie in [a, b] then 


Seto ath = 10000) S — Feu) SS 
d 
Example : If [ V@= sin?) at-+ pcos t dt = 0 then evaluate oe 
Solution. We have f, (3 - sin’ t) dt + ficos tdt=0 
Differentiating both sides w.r.t. x then 


x 7 d py 
ae = sin’ Ddt+ 5 [cos tdt=0 


ay (3 - sin’ x) ©) -1@ ~sin? 1/3) aa. 3) +cos y o —cos0 x (0) =0 


= — (B-sin?x).1-0+ 008 yX_o=0 
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dy __ ¥(3-sin? x) 


dx cosy 
Property : 


[te dx is independent of a 


where 'T' is the period of the function 
ie, f(x + T) = f(x) 


art 
Proof. Let | = fe f(x) dx 
dl d da 
ain f(a+ Da,@ +T)- Oa 
=f(a+T).1-f(a).1 
= f(a + T) - f(a) 
=0 {- f(a + T) = f(a} 
Thus, | = c (independent of a) 
Hence [te dx is independent of a. 
Example : Evaluate : fi ° “7(gint x + cos‘ x)dx. 
Solution. ~-- sin‘ x + cos‘ x is periodic with period 1/2 then ie “sin x+cos‘ x) dx 
=f *(ein‘ x + cos x) dx 
= fr" ein? X + cos? x) - 2sin? x cos? x} dx 
si ct - zon? 2x Jee 


"(0 Ter cosx jax 


= ie +008 4x) dx 


Property : 
Suppose that f(x, a) and f,'(x, a) are continuous functions when c < a < d and a<x <b then 


Ia) = fe (caax where |'(c) is 
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the derivative of I(a) w.r.t. a and f,'(x, a) is the derivative of f(x, a) treating x as constant. 

1x? =1 
Example : Evaluate : Sing * 


Ax? 1 
Solution. Let I(a) = J, 


Inx 
2 
Where f, SNK 
df, od {x*-1 
then $255) 
df, 1 d(x*-1) 


da inx da 


di, __1 [ae _ dt) 
da Inx{da da 
af, 


1 
Se =) (x*Inx -0) = 
da inx™ inx-0) 


x?iInx og 
=x 
inx 


According to property - I'(a) = [ f(.a)dx where I'(a) is the derivative of I(a) 


Ha) = — = fedx 


eo 
a+, 


dua) __1 
da (a+1) 
di(a) = wat 


Integrating both sides w.rt. a then 
a) =In(a+1)+c (1) 
for a=0, I(0)=Inl+c 
0=0+c sc=0 
by equation (1) 
\(a) = In(a + 1) 
Property : 


If f(t) is an odd function then $(x) = fit dt is an even function. 


Proof. Since (x) = i f(t)dt 


ox) = [Fat 


‘'€ Eduncite 


ic Integration) 
iz f@at + ftmat 

= [tm + L f(t)dt 

=0+ fic dt 

= -f f(-t) dt {-- f() is odd} 


es [ic f(t) dt 


= (x) 
Hence $(-x) = $(x). 
x (1-t) 
Example : Prove that F(x) = if; inf) is an even function. 


1-t 
Solution. Let f(t) = w(t) 


f(t) = (54) 


1-t 
-a(e) 
= -f(t) 


=> f(t) = f(t) <. f(t) is an odd function. 


1-t 
Hence F(x) = fooo( a is an even function. [By using above property] 


Property : 
If f(t) is an even function then 9(x) = ii f(t)dt is an odd function. 


Proof. The proof is similar as above. Follow the same steps considering f(t) to be an even 
function. 


lo 


Example : Prove that F(x) = if ( 


x 7 $n) dt is an odd function. 


Solution. Let f(t) = e 
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=f) 


> f(t) = f(t) -. f(t) is an even function. 


t 
e-1 


Hence F(x) = £f vpenja is an odd function. 
Important Note : If f(t) an even function then $(x) = frat is not necessarily an odd function 


for a + 0. It will be an odd function if ff@at =0. 


Proof. Suppose $(x) = i f(t) dt is an odd function then 
a(x) = -900) 
> mio) dt =—f"F()at 


> fit) ars f“tqar= -| Pras ‘cnar} 
=f Fat— JP Fndt = frat - f*A(Dat 
=> ff Fat— frat = ["at- [Tat (f(t) is an even) 


> 2f- Fat =0 or ffm =o 


Property 
If on an interval [a, b] (a < b), and the functions f(x) and g(x) satisfy the condition f(x) = g(x) then 


Pteo dx > f2 900 dx 
In Particular : 
If f(x) =O then ['f(x)dx 2 0 vx € fa, BI 
Proof : Graphical Method : 


As we know that BP fonax denotes the area under f(x) from a to b and if f(x) = g(x) V x € (a, 


b) then clearly area under f(x) from a to b which can be seen by given fig. 
It is clear from the Fig. Area of curvilinear trapezoid aBCb 2 Area of curvilinear trapezoid aADb 


then Pte dx > ec) dx and if Pom=0 then J? fooax 20 
—— 
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Example : Prove that : 
at 2 To? * 
fie“ cos? x dx < {je cos? x dx. 
o o 


Solution. - 0<x<1 


then x > x? > -x<-x 


e* cos? x < e™ cos? x 


1 ib 
then [(e*cos?x dx <{e™ cos? x dx 


Property : 
If at every point x of an interval [a, b] the inequalities 
g(x) < FO) < h(x) 


are fulfilled then FP 900ax < f f(x)dx < fPrGoax, a<b 


Proof. Graphical Method : 

It is clear from the Fig. 

Area of curvilinear trapezoid aAFb 

< Area of curvilinear trapezoid aBEb 
s Area of curvilinear trapezoid aCDb 


Poeodx < fPfooax < fPp(a)dx 
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ad 


Fig. 
Example : Prove that : 


0< feo el 
[Mi+x®) 8 


Solution. Since 


x” 


“Yone) 


<x’ VO<x<l 


then ['0 dx < (ax << ['x’ ax 
forte < [pean 
1 xdx 1 
Hence 0< | =——=<— 
\ (i+x®) 8 


Property : If mis the least value (global minimum) and M is the greatest value (global maximum) 
of the function f(x) on the interval [a, b] (estimation of an integral). Then 


m(b—a)< ffx <M(b-a) 


Proof : Analytical Method : 
It is given that m < f(x) <M 


then [Pm dx< fPte0dx < jim ax 


=> mb-a)< f’f(x)dx sMb-a) 


Graphical Method : 
It is clear from the Fig.. 
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Fig. 


Area of abDA < ic dx < Area of aBCb 


ie, mlb a) < [f(x) dx < Mb - a) 


2( 5— 
Example : Prove that 1 < f — 
" _ S-x 
Solution. Let f(x) = ras 
(x=9)(x-1) 


Px) = "eae 


for critical points f(x) = 0 
: x=9andx=1 
a x € [0, 2]) so we take x = 1. 
then (0) = 5/9 
(1) = 1/2 
{(2) = 3/5 
The greatest and the least values of the integral in the interval [0, 2] are respectively, equal 
to f(2) = 3/5 and f(1) = 1/2. Hence 


2( 5-x 6 
or 1 f'( 2% Joe <8 
Property : The following inequality is valid : 


[[Ptosex 


< PIG) Idx (a <b) 


or if a is not necessarily less than b, then 
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s 


[[Preoex 


if f and | f | are integrable on [a, b]. 
Proof. Obviously, — | f(x) | < f(x) < | f() |, vx e [a, b] 


[2110212 


= PH1fOdIdx sf’ fOodx s 100) | dx (a<b) 
or -f1A(x) Idx < f”(Ox)dx < [F009 Idx 


or [frre dx{ < [1 A(x) 1 dx 


[e004 < [1G 10x 


ib <a, then [fax = 
= [fhiteo1a4 


Hence [['teoex < (fr f(x) I ay 


19 SiNX 


Example : Estimate the absolute value of the integral fe ae 
+ 


Solution. Since | sin x | < 1 for x 2 10 then 


sinx 1 
Tee] eel ) 


but 10 <x < 19 
1+ x? > x? > 108 


wet weil. 
or [1+x®] 10° 


sinx 


frees" 


from (1) & (2) we get 


<f10 "dx 


ho 


| i" sinx a 


10148" 
= (19 — 10) x 10# 
=9~x 10° 
= (10 — 1) x 10% 
107 - 10% < 107 


<107 


no siNX 
Hence i 


ho Text 


The true value of the integral = 10% 
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place : 


[a, b]. 


Property : 
If f(x) and g?(x) are integrable on the interval [a, b], the Schwarz-Bunyakovsky inequality takes 


[[Pt0) 900) x 


= [rove ferore) 
Proof. Let F(x) = {f(x) — Ag(x)}? = 0 


(00) -AgoaFex 20 
= — £26900)? - 2AF(x) 9+ F(x)}dx > 0 


=> I gQa)?dx - 24)” Fx) a(xddx + fF X)dx 2 0 


Discriminant is one positive i.e., B? - 4AC < 0 


> al Pte fxn" < 4f? P(x)axf? 9?) ax 


<4 PP) dx. fi s)ax 
Example : Prove that fva+ x)(1+ x?) dx< ya + x)dx fa +x°) dx 


Hence |[Pt09 g(x) dx| 


Hence ['yTrxt+x) dx s () 


Property : If f(x) is continuous on [a, b] then there exists a point c < (a, b) such that 
PP teeyax = f(c) (b-a) 


Then number f(c) = wal dx is called the Mean value of the function f(x) on the interval 


Proof : Analytical Method : 
For a <b. If m & M are smallest and greatest values of f(x) on [a, b] 


then m(b- a) < t@dx< (b-a)M 


1 


or oms fPfogax<m 


(b-a) 
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Since f(x) is continuous on [a, b], It takes on all intermediate values between m and M. Therefore, 
some values f(c) (a < f(c) < b), we will have 


or Pteoax = f(c)(b-a) 
Graphical Method : 
It is clear from the Fig. 


—~] 


Y Wt, 


i) a es 
Fig. 
Area of aABb = Area of aDEb 
1 
ie, [Ptdax=(b- a)f(e) or {(c) = wal dx 


Note : Used of this property also in physics if we evaluate average of physical quantities. 
1p 

ie., = —| vi(t)dt 

ie., Average speed salt (ty 


Example : Find the mean value of x(a — x) over the range (0, a). 


i x(a-x) dx 
(a-0) 


Solution. Mean value = 
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Example : Find RMSV of In x over the range x = 1 tox=e 
Solution. Here y = In x 


Now {in x)?.1dx=(in x)?.x- J2 in rte dx 


f (in x)? dx 
(e-1) 


RMSV = (1) 


= x (In x} - 2 fin x dx 


1 
In x? - 2,Inx.x-|—xd 
x (In x} {inx x Sx x} 
= x (In x)? - 2x In x + 2x 
fran x)? dx = x(Inx)? -— 2x In x + ax 
h 
= (e — 2e +t 2e) - (0-0 + 2) 
se-2 
From (1), we get 


e-2 
RMSV = f } 


Property : 


fP#() dex (x) + f? a(x) af(x) = a(b) f(b) - aa) fla) 


5 
Example : Evaluate : J (x? +1)d [x], where [.] denotes the greatest integral function 


Solution. Here f(x) = x? + 1 and a(x) = x 
df(x) = 2xdx 
According to property, 


JP tC) dea(x) + f? a(x) af (0 = afb) f(b) — ala) f(a) 
§PO7 +1) d Bel + [Ex] 2x dx =[5].(25 +1)-0 
> — £O7+1) dled = 130 - 2f° xfxl dx 


=130-2/f°0 dx + fx des f° 2x dx + [3x dx+ fax ax| 


= 130 - 20+ +(9-4)+ 516-9) +2(25-16} 
2 


= 130 - 70 = 60 
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Property : 

(i) If the function f(x) increases and has a concave graph in the interval [a, b], then 
(b—ayfla) < [°1(x)dx <(b- 2) 10) + f(b) 

(ii) If the function f(x) increases and has a convex graph in the interval [a, b] then 


(ba) OO) «Pray de <(b-a) fo) 
1+ v2 
2 


Example : Prove that: 1 < i (+ x")dx < 
Solution. Let f(x) = J(1+x*) 


2x?(x4 +3 
f(x) = FeO. 00x01 


graph is concave up. 


(1 - 0) f(0) < Yar) ax <(1-0) O10 


= 1< f Ye ax <2 


Property : Improper Integrals : 
ff £0) ax = Lim [?1(x) ax 


(i) £68) x= Lim [fo adx 


Gi) [7 FG0) ax = f° F600) dx+ [7° Fx) ax = Jim Jroqax + lim foxdax 


Example : Prove that : 


ree ces ele +1)" = 
Solution. Put In (x +(x? +1) =t 
or Xt V0? ) 


or x? + 1 = e7 — 2xe' + x? 


e+e 
dx =| —~— |dt 
eae 


when x>0,t>0 and x>%,trox 


=e > 


i a 


LHS. = {° dt 


& if (e-™ 4 oY gt 
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N 
em 
3 


pea 


etn getienit y 
0 


ee ee re 
(i-nje™"? (n+ Te 1-n 1+n 


{ 2n 
\n?-1f nn? -1 


Definite Integral as the limit of a sum (Integration by First Principle Rute) 


Let f(x) be a single valued continuous function in the interval (a, b), (a < b) and if the interval (a, 
b) be divided into n equal parts, each of width h, we have 
b-a=nh 
Y 


>X 


at(n-1)h|-----------+-+------ 


Fig. 
when n->» thenh +0 


Area of aABb = Pteyax 
= Lim {hf(a) + hf(a +h) + hf(a+ 2h) +...+hf(a+n—-1h) 
= Lim hif(a) + f(a +h) + f(a + 2h) +... + f(a+n-Th)) 


ast 
Z Lim h 2 f(a th) 


1 
Hence f° F)ax = Lim hy f(a +h) 
™ " 1-0 
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Some Important Results to Remember 


@ 


i) 


(ii) 


O) 


) 


(vi) 


(vil) 


(viii) 


(i) 


() 


raz nt) 
reins 5 


S a= a=na 

=f 

© 1)(2n+1) 
Pagn? 0+ DAn+) 

, 6 


ee _fninsd]? _nt(n+1? 
ze =n? = (En)? -{aned} eae ae 


In A.P., sum of n terms, S_ Fiza + (n — 1)d} = Se +1) 


a(r’ —1) 
(-1) 
a(i—r") 
(1-1) 


wf>d 


In G.P., sum of n terms, S, 


wos) 


sin a + sin (a + B) + sin (a + 2B) +... + sin (a + (n - 1) B) 


_ sin(n B/2) |. (* angle +last 02) 
~~ sin(B/2) 2 


cos a + cos (a + B) + cos (a + 2B) +... + cos (a + (n — 1) B) 


a sin(n B/ 2) cos( 1st angle + last ang 
sin(B / 2) ke 2 


+ 1 Poles x 
Pe 6 24 
ee 
cos 6 = , sin 6 = 


cos @ +i sin @ = e”, cos 8 —i sin 6 = e* 
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b 1 
Example : Prove that f. x’ dx =a — a) by first principle rule. 


Solution. Here f(x) = x?, nh = b— a from the definition, 
Leer ne) f 
jx dx=Lim h (a+ th) 
nat 
Sti 2 192 
= Lim h Ye + 2ahr + h’r?) 
nat net na} 
= Lim h}| 30a? +2ahS r+h? Sr? 
ne r-0 1-0 r28 


= Li 
fh 


(n-1)n i nW(n-1)n oa 
2 6 


h {ern + 2ah~——— 


=Lim { a?(nh) + a(nh (nn hp + {OP (oh) (2nh—A) = 


= Lim {2*(-2)+af0-2)-a-n)+ 2=8-N@a2)»20-2)-)} 


(b-a)* 


=a’(b-a)+a(b—a)’ + 


= =a)? +ab+a’} 
3 
1 3 
=gib’-a } 


Example : From the definition of a definite integral as the limit of sum evaluate fe dx. 
Solution. Here f(x) = e*, nh = b — a from the definition 


‘. not 
ae (asm) 
fre ax= Lim h Ye 
: ro 
= Lim he xe 


= Lim he*{1+e" +e" 4..4e0 


“ea | 


4 h 
= prt 
sei Ni 


=(e-e).1 
=e-e 
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Summation of series by Integration 
Let f(x) be a continuous function defined on the closed interval [a, b], then 


Lim Sit ). f. £00) ax 

Rule : Here we proceed as follows : 

a ries 
(i) Express the given series in the form =; | 5 
(ii) Then the limit is its sum when n > 

f 
=Lim 51 *) 
men Ah 


c 1 
Replace ney x, ney dx and Lim = the sign of f. 


t 
(iii) The lower and upper limits of integration will be the values of alot the first and last term 
(or the limit of these values) respectively. 


t 
when Sl ad ca 


ren-toxanr eq it_ont 
n n 


Note : In Tite +th)= Fin f(a+rh) 


Example : Find the limit, when n — « of 


1 a 1 1 
Jan-¥) ian-2) ene) 


Solution. Let P = Lim - 


nt Te Yr) TE 2) Te 3). 


1 1 1 1 
mn Jena) V(2(2n)- 2?) [een coe nan =| 


let tin =x 

atr = 1 and as n— ~~, we get x > 0 

atr=nand asn-—-, we get x> 1 

Put x= : dx = 2t dt 
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when x=O>t=0 
xe1l>te1 


Hence P = x/2. 
Example : Find the limit, when n — x of 


vn + vn + vn ered va 
(+4vn)?  V2(3V2+ 4m 3(3V3 + 4¥n)? ¥n(3vn + 4vn)? 


{vn vn vn vn 


Solution. Let P = Lim; 


n 
[(@+avny  VaeV2+ any BGV3 + any” FER ary 


ve, ! 
Vi Bv1+4vny Y2(8V2 + 4yny © V3(3V3 + avn Vino + vn? 


ee 
“Hn hale why 


fon 1 
=tim LS 


“EP 
1 dx 


Put 3vx +4=t 


Poin | 


creer Ox 2 at 

Wx > 3 
when x=O=>t=4 

X=lo>t=7 


2 g-3-] 
, 


“gue att 
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Gamma Function 
The definite integral i e*x"-' dx is called the Second Eulerian integral and is denoted by the 
symbol [n (read as Gamma n). 
Tn = fo e* x"! dx 


> T(n+1)=nIn 
This formula is known as recurrence formula for Gamma function. 


Important Formula : 
()(2) 
2) 2 


(Ty?) 


(? sinn xcos" x dx = 
2r} 
2 


where m > —-1 and n > -1 
(This formula is applicable only when the limit is 0 to 7/2). 


Note that: r(1/2)=J/n 


Walli’s formula 


[An easy way to evaluate fr" sin x cos"*x dx where m,n ¢ | J 


nI2 
we have S sin" x cos’x dx 


_ (m-1)(m-3) ... 2 or I} (n—-1) (n-3) ... 2 oF 
~ {(m+n) (m+n—2) (m+n-4)... 2 or 


where p is x/2 if m and n are both even, otherwise p = 1. In last factor in each of the three 
products is either 1 or 2. In case of m or nis 1, we simply write 1 as the only factor to replace its product. 
If any of m or nis zero provided we put 1 as the only factor in its product and we regard 0 as even. 


Probiem on Greatest integral Function 
Example : Evaluate : fl dx, where [.] denotes the greatest integer function. 


Solution. Analytical Method : 
Value of x? atx =QOis 0?=0 and atx = 1:5 is (1-5) = 2:25 
integers between 0 to 2:25 are 1, 2 


then x? = 1 and x? = 2 rs x= 1andx= v2 


(Pte) dx = fel dxf ix']dx + file dx 


=0+[1ax+ [22.0 


=1. (f2-1) + 2(15- 2) 
= (2-2) 
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+X 


fe dx = Area of shaded region 


=(V2-1). 14 (15 - ¥2).2 
=(2-¥2) 


Example : Prove that : fy lat -blGl-o +Exl (x-Ex)) 


where [.] denotes the greatest integer function. 
Solution. Analytical Method : 
Let x=n+f¥nelandO<f<1 


kl =n (1) 


[Li dt= fit dts PP ate Pid dtr. + [Ee dt 


2041, f'dt+2f'dty..+nf”''at 
2142+3+4+..+(n-1)+nf 


_(n=1n ie 
2 


nf 


a ELI) +1] (x- Ex) {from (1)} 


Graphical Method : 
Lett x=n+fvnelandO<sf<1 
: kl=n (1) 


fu dt = Area of shaded region 


=O+14+24+..4(n-1)+(x-n)n 
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>< 


=O nn 


" bllo—9 +E] (x-[x) 


Example : Evaluate : j2 sin x]dx, where [.] denotes the greatest integer function. 


Solution. Analytical Method : 


Osxsa 
O<2sinx<2 
Now when 2 sin x = 17 > sin x = 1/2 
x = 7/6, 5x/6 
. r Sx 
and HOs2sinx<1,0<x< & and ocx 
[2 sin x] = 0 and If 1<2sinx< 2 


sind =1, Zex< S 


Now fiz sin x]dx =f" sin x] dx +f"t2 sin xJdx + Jenol2 sin x}dx 


04 ox+o- Ft 


Graphical Method : 


fe sin x] dx = Area of shaded region 
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Fig. 


Unit-8 Integral Calculus 


1. DIFFERENTIATION UNDER THE INTEGRAL SIGN 


In this section, we shall prove that, under suitable conditions, ‘the derivative of the integral and 
the integral of the derivative are equal’, and consequently, ‘the two repeated integrals are equal for 
continuous functions.’ 


Theorem (Leibnitz’s Rule). If f is defined and continuous on the rectangle R = [a, b; c d], and if 
(i) £(%, y) exists and is continuous on the rectangle R, and 


(i) a) = ['fOxy)dy, for x efabl, 
then g is differentiable on [a, b], and 
9) = ff ay)dy, 


ie., Ei fteayyay| = fA ay 


Corollary 1. (General Leibnitz's rule). If f satisfy the conditions of the above theorem, and if 
0) oy : [a, b] — [c, d] are both differentiable, and 


Wo) = ["tyday, for x ea), 


(x) 


then g is differentiable on [a, b] and 


g'(x)=f 


x) 


(x) 


£.Qoy)dy + f(xw(x))y (x) - 0x, 4(x))6'(). 


Corollary 2. If f is continuous on R = [a, b; ¢, d], then 
b {pd Vax = fee | 
i ik f(x,y) dy) dx = f i fOxy)dx; dy. 
Iterated Integrals (or repeated integrals) 

Definition. An iterated integral is an integral of the form 

bo pert) 

f oxi f(x,y) dy 
where ¢, oF $, or both are functions of x or constants. 
This means that for each fixed x between a and b, the integral 


F(x) = [7 foxy) dy 


208) 


is evaluated, and then the integral J F(x)dx. 


re L F(x)dx = Tilt f(x, y)ay| dx 


=[faef2 roo 


1) 
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The other repeated integral 


dy easly) d { paaty) ) 
(Coyf"”'toay)dx or (46°16 yar] ay (2) 
is defined in the same way. 


Example If | a | < 1. show that 


(Oat cos 8) ay - xsin’a. 


o cosx 
We write 
log(1+acos 
ax)= log(1+ acos x) 
cosx 


It may be seen that the integrand has only a removable discontinuity at 1/2 as much as 


= log(1 0S 
fim, ~l0g(+8cosx) _ 
Pt oak 


1 
f,(a, x) = ————_ 
Also f,( lS aaeoey 


We see that f and f, are both continuous functions of two variables in the domain 
{(a,x) : 0 < x <2, | al] < 1}. If we assign to f, the value a for x = x/2. 
We write 


a) =f, fla,x)ax. (1) 


> oa) = [Cenex = fax 


_ 1-tan* (x/2) 


put © 1+ tan? (x/2) 


c sec? (x/2) 
° 44 tan? (x/2) +a(1—tan’ (x/2)) 
= sec’ (x/2) 
{ (1+a)+(1~a)tan’ (x/2) 
put tan(x/2) = t 
diff w. 1. to x we get 
sec?(x/2).1/2 dx = dt 


2dt 


fats 


| 2 = (tan ()-tn"(0) 
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“Lael 


= ax 
Therefore, ari ir 


(a= 


From this we obtain 


(a) = nsin’ ate. (2) 
where, c, is an arbitrary constant. 
From (1), we have 
4(0) = 0. 
Putting a = 0 in (2), we obtain c = 0. 
Hence g(a) = 7 sin a. 
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2. FUNDAMENTAL THEOREM OF CALCULUS 


Theorem : If a function f is bounded and integrable on [a, b], then the function F defined as 
F(x) = 5. f(t)dt, a<x<b, 
is continuous on [a, b], and furthermore, if f is continuous at a point c of [a, b], then F is derivable 
atc and 
Fic) = f(c). 
Since f is bounded therefore 4 a number K > 0 such that 
f(x) |< K, ¥ x e [a, bl]. 
If x, X, are two points of [a, b] such that a < x, < x, < b, then 


(he feat 


< K(x, - x) 

Thus for a given « > 0, we see that 

F(x,) — F(X) |<, if 1x, — x, 1 < eK. 

Hence the function F is continuous (in fact uniformly) on [a, b]. 

Let f be continuous at a point c of [a, b], so that for any « > 0 there exists 5 > 0 such that 
f(x) - f(c) | < «, for|x-c| <6 

let c-85<d<c<t<ect+d 


F(x.) - F(x,)] = 


a [fe -foJdx<e. 


Fw) : Fle) 2 te 2 (7. Ji800 -f(0)} 


> Fic) = f(c). 

ie., continuity of f at any point of [a, b] implies derivability of F at that point. 

Note. As c is any point of fa, b], we have for all x ¢ [a, bl, 

F(t) = f(t) > F=f 

i.e.; continuity of f on [a, b] implies derivability of F on [a, bl]. 

This theorem is sometimes referred to as the First Fundamental Theorem of Integral Calculus. 

Definition : A derivable function F, if it exists such that its derivative F’ is equal to a given function 
f, is called a primitive of f. 

The above theorem shows that a sufficient condition for a function to admit of a primitive is that 
it is continuous. Thus every continuous function f possesses a primitive F where 


F(x) = i f(t)dt 


Remark : We shall now show, with the help of an example, that continuity of a function is not 
a necessary condition for the existence of a primitive, in other words, “functions possessing primitives 
are not necessarily continuous”. 

Consider the function f on [0, 1], where 


f(x) = 2x sin (1/x)-cos(1/x), if x20 
~{o, ifx=0 


It has a primitive F. where 
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x? sin (1/x), if x20 


Fo) {m if x=0 


Clearly F'(x) = f(x) but f(x) is not continuous at x = 0, i.e., f(x) is not continuous on [0, 1] 
In fact, all this amounts to saying that the derivative of a function is not necessarily continuous. 


Theorem : Function f is bounded and integrable on [a, b] and there exists a function F such that 
F' = f on [a, b], then 


[tex = F(b)- F(a). 


Since the function F’. f is bounded and integrable, therefore for every given < > 0, 36 > 0 such 
that for every partition P = {a = x, X,...X,......X, = b}. with norm y(p) < 6, 


S(t,)ax, ~ftox<e 
tim Site )ax, = [fax A) 


for every choice of points t, in Ax. 


Since we have freedom in the selection of points t, Ax, we choose them in a particular way as 
follows: 


By Lagrange’s mean value theorem, we have 
F(x) — F(x,,) = F(t)Ax, (i = 1, 2, ..., 0) 
= f(t)ax, 


> Eiltyax, = E60) Fea 


= F(b) — F(a). 
Hence from (1). 


[tooax = F(b) — F(a) 


It is sometimes referred to as The second Fundamental Theorem of Integral Calculus. 


Example : Show that the function [x], where [x] denotes the greatest integer not greater than x, 
is integrable in [0, 3]. 


Since the function is bounded and has only three points of discontinuity therefore it is integrable 
and 


{ldax = flex flex + [ldax 
3 a 7 2 
= [oar fr +f, 2dx=3 


1, 2 and 3 being respectively the points of discontinuity of the three integrals on the right. 


> 
Example : f is a non-negative continuous function on [a, b] and J fdx =0. Prove that f(x) = 0, for 
all x e [a, b]. 
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Solution. Suppose that, for some c ¢ (a, b), f(c) > 0 


1 
Then, for « = 7h) > 0, continuity of f at c implies that, there exists a 5 > 0 such that 


f(x) > iK@, Vxe(c-6, c+ 8) 


Now [tax = ‘J toax +f foyer i f(x)dx 


ons 


2 J flxydx (- f(%) 20, vx e fa, b]) 


5 sito) f ox =af(c)>0. 


which is a contradiction. Thus f(x) = 0, V x € (a, b). 
Similarly, f(a) 2 0, and f(b) 2 0. Hence the result follows. 
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3. DOUBLE INTEGRAL 
The Calculation of a double integral 


Equivalence of a double with repeated integrals. 
Theorem. If the double integral 


J J, fGvdaxdy 
exists where R is the rectangle [a, b; c, d] 
and if also ffO.yyax exist V y € [c, d], 
then the repeated integral 

o] 

if {Ptey)ax| dy 


exists and is equal to the double integral. 
Definite Double integral : If we have function f(x, y) then 


i ce f(x, y)dxdy or SS fo dy dx 


yac Fx=t(y) 

If dx first then function of y is constant and if dy first then function of x is constant. 
Cor. If a double integral exists, then the two repeated integrals cannot exist without being equal. 
Cor. A function f is defined in [0, 1; 0, 1] as-follows : 


f(x, y) = 3 when y is rational, 
f(x, y) = x, when y is irrational; 
1 
a f(xy)ax! dy exists and is equal to 7: but the double integral and the second repeated 
integral do not exist. 


Example : Evaluate J j xy(x + y)dxdy over the area between y = x? and y = x. 


Solution. The area is bounded by the curves 
y =f,&) = x, y = f(x) = x. see in fig. 


When f,(x) = f,(x), % = x, Le., x = 0, x = 1, ie., the area of integration is bounded by 
y=xX,y=x,x=0,x= 
In fig. x varies from x = 0 to x = 1 and y varies from y = x? to y = x 
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ff xy(x+ y) dx dy = SL fbv + vidy]| dx 


Example : Prove that 


Migs y ay =Fe-4- (foe +a 


x+y)? 


Solution. LHS = [' ese . oy} ax 
“Ell er wear 
el 
arta etl 
ieee 


fox 1 


a pena. t ix 
ol (x+y 


RHS = poh eae y ax}ay 
ax 
) 


opty 1 2y 
“(laa (x+y? 
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| 
thera te 
| 
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4. CHANGE OF ORDER OF INTEGRATION 


In calculus, interchange of the order of integration is a methodology that transforms iterated 
integrals of functions into other. 
Theorem : If S is a region of Type |, then 
bf peta) 
f, f(x,y)dA = S (J # f(a.yldy) dx 


ne 


If S is a region of Type Il, then 


f, f(x, y)dA = Jeo tocy)ex) ay 


int 
We should point out that, unlike the case of integrals over rectangles, there is only one order in 
which we can carry out the integrations. If S is a Type | region we have to integrate over y before we 


integrate over x and if S is a Type II region we have to carry out the integration over x before we integrate 
over y. 


However, sometimes a region is both Type | and Type II. This does not mean that 


CURE tordayax = [2 [Prexydex)ay 


iro) 
because the right hand side doesn't really make any sense. Rather, it means that we can 
prescribe the region S in two different ways 
S={( y)e RPlasx <b, $x) <y < 4,00} 
={% y) = Pl y,(y) <x < yy), ¢ <y <a} 
The preceding theorem applied to this situation simple says 
Ll Je towynay ax = rl Joe tox y)dx}ay 


In order to reverse the order of integration of an integral like 


(oe Heyday ax 


one therefore first has to Fig. out how to parameterize the region of integration 
{(% ybe Pla<x<b, o(%) <y < $09} 
as a Type Il region; that is to say, one has to Fig. out what c, d, y,(y), and y,(y) are. 


Example : Find the value of Sf. e’ dS if the domain E integration is the triangle bounded by the 


Straight lines y = x, y = 0 and x = 1. 
Solution. How to take limit of y and x, we draw a strip parallel to y axis in the fig. 
Now lower end of strip is on the line y = 0 and upper end of strip is on the line y = x 
So y varies from y = 0 to y = x. 


For x, we pull the strip at the left end of shaded fig ie. x = Q and extend the strip i.e the right 
end of shaded region i.e. x = 1 So y varies from y = 0 to x. 


To avoid integration of e”* with respect to 
x, we use 


[er 45 [axle 
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= [ixle-1dx 


en) 
2 


Example : Evaluate the double integral j. e*y dx dy, when E is the domain which lies between 


two squares of sides 2 and 4, with center at the origin and sides parallel to the axes. 


Solution. Domain E is not quadratic with respect to any axes but the straight lines x = 
1 divide it into four quadratic domains, E,, E,, E,, E,. 


1 x= 


ve 
2 
tM 
E E; 
i: eh — 4 
Bee 
Le 


i e*Ydxdy = ff. e*Ydxdy + ff. e**dxdy + ff. e*"dxdy + Sh. e*’dxdy 


see the region E,, limit of x is from -2 to -1 and limit of y is from -2 to 2 
Similarly find limits for other regions also. 


ff.e"” dx dy = L ax fi en dy+ fax? evr dy+ fixf; e* dy+ frox im e*Y dy 
af ler? eons fe"? -e Yar + f (ete Jax + [et et) 
[ee]! +[e"-er"], +[er?-e J +[ev? -e" 7] 


-[e'?-e?-e? 4e??]-[e"? ee 46") 


+fe et? eh ey +[e? eth 4 e?] 


=[e'-e*-e°+e*]+[e'-e7-e'+e"] 


+[e’-e'-e7 +e" ]+[e*-e°-e°+e'] 
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=[e'-e?-e° +e*]+[e°-e7-e'+e"] 
+[e"-e7-e7 +e7]+[e*-9°-e7 +07] 

=(e*+e*)-(e? +e?) 

= 2 cosh(4) - 2 cosh(2) 


Example : Evaluate Sh, f(x,y) dx dy, over the rectangle R = [0, 1; 0, 1], where 
Soka 2 
f(y) = x+y, if x? <y<2x 
0, elsewhere 


Solution. For non-zero values of the function f(x, y), the domain R is divided into two domains 
A and B, we obtain 


JJ,fOoy)dx dy = [fx ydx dy + ff (x4 y)dx ay 


ANE 


~ do 


_p(ya 34 1 Tig 3 
=(; (« +5% dx +f ar eine dx 


=(21-842)/ 40. 


dx gr (c+ y)dy + Snel (x + y)dy 


Example : Evaluate ffl +yldx dy, over the rectangle R = [0, 1 : 0, 2], where [x + y] denotes 
the greatest integer less than or equal to (x + y). We have, for (x, y) € R. 


Oif O<x+y<I 
Ixt+ y]l=41, ifisx+y<2 
2if 2x+y<3 
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Solution. The domain of integration R (i.e. region ABDE) is divided into three domains ABF, 
BCEF and CDE and [x + y] = 0 in the region ABF, [x + y] = 1 in region BCEF and [x + y] = 2 in the region 
CDE. 

Therefore, we have 


Sfx + yldxdy = fi dxf Ix+ yldy+ f dx[* Ix+ yldy+ i dxf Ix +yldy 
= fed?" dy + [ax [1 dy + f'dxf? 2 ay 
= f[2-x-1+ x]ox+ 272-24 x}ox 


= f Sdx + ap xdx 


=3(x], + {*] 


=3[1-0)+2[2-0) 
234457 
Jacobian of Transformation 
f(x, y)dx dy = f(r cos 6, r sin 6) Jdr dO 
dx dy = Jdr dé 


_ oxdy 
~ dre 


Oxy) 


(, y) = (r, 8) 


x=rcos@ 
oe y=rsind 
A 


€ Eduncle Mathematics (integral Calculus) 


lox ax 
dxdy _a(xy)_|ar a) 


drde 4(r,0) jay a! 
ar 68 
which is known as Jacobian. 
Jacobian of transformation form of (x, y) into (r, 8) 


cos -rsine| _ 
sind rcoso| 


dxd) dr de=rdr do 


Change of Variables in Double Integrals 
Let the functions 
x = X(u, v); y = ¥(u, v) 
map in one-to-one manner a domain D in Cartesian coordinates (x, y) onto a domain D’ in the 
new coordinates u, v. 
Let f(x, y) = f(X(u, v), Y¥(u, v)) = F(u, v) 


then Jfxy)dedy = [F(uv) | J|duav 
0 D 


xy) 


where the Jacobian J = 


u,v) ° 

In case of a transformation from a Cartesian coordinate system (x, y) to polar coordinate system 
(r, 9); | f | = 1, and hence dx dy =r dé dr. 
Change of Variabies in Triple Integrals: 

Let the functions 

x = X(u,v,w), y = ¥(u,v,w), Z = Z(u,v,w) 

map in one-to-one manner, a domain D in cartesian coordinates (x,y,z) onto a domain D’ in the 
new variables (u,v,w) 

Let f(x,y,2) = f(X(u,v,w), ¥(u,v,w), Z(u,v,w)) 

= F(u,v,w) 


Then {ff fxy.2)dxdy dz = [[[F(u.v, w) J) dudvdw 


AXxY.2) 
(u,v, w) 


where the Jacobian J = (matrix is same as given by eq. (1) of order 3) 
ex OX OK 
Jcu ev Ow 
Sevy.z) ley Oy | 
o(uv,w) |cu ov aw 
Oz 62 
jau av Ba 


The following two transformations because of their frequent occurrence, deserve special mention 
(i) Cylindrical polar coordinates 
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x=rcos 0, y=rsin@,z=Zz 
Here the Jacobian J = r. 
(ii) Spherical polar coordinates. 
x =r sin 0 cos o, y =r sin 0 sin 9, Z =F cos 0 
Here the Jacobian J = r? sin 0. 
Examples : To integrate (x? + y’) over the circle x’ + y* = a’, we change to polar, x = 1 cos 6, 


icos® -rsing 


y=rsin@, so thatlJ!= ling reose 


=f iMovagtec (x? + y*)dxdy =? [fPrdrao = me 


Solution : Sheree +y?)dx dy 


(ifr © 0 ar 


fry 
i (S| 6 (integrating wrt r) 


x=rcos@ 
y=rsino 

dx dy = rd0 dr 

or dx dy =|J] do dr 


at ( p2 a‘ pays _ at a‘ na* 
=F (fP'¢0)- 5 [of -& [2-0] - x20 - 


ja’b? — b’x? —a’y” Fs . 
1. To evaluate fj abr abit aly? dy, over the positive quadrant of the ellipse x?/a? + y’/b? 
a’b? + b’x? + a’y 
Ty? 


= 1, by putting x = au = dx = a du, and y = bv = dy = bdv, we have to evaluate ab J ae 
+r + 


du 


dv, over the positive quadrant of the circle u2 + v? = 1. 


Again, changing to polars, by putting u = r cos 6, v = r sin 9, the integral becomes. 
1a fae 
zabf { [2-51 ar do 
0050 1+6 
1 lar? ni 
sabi aj, de 
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put 141 =p?—> 2rdr = 2pdp (limit: f= 0 >p=1,6f=1=> p= J2) 
@ fog? 
= rab | EP pgp 
P 
7 


8 
= nab | y2=o7dp 
1 
put p= yZsint 
dp = 2 cost dt 


mab ig [2—pdp 


aoe 
Put p = ¥2 sint 
dp =-¥2 cost dt 


= Zab ["” V2 cos v2 cost dt 
20 dosna 

= Zab ee 2 cos? t dt 
7 died 


x12 
ab ft +cos 2t)dt 


noifa_ «x, sinn_sinn/2] 
= ab) —-—+—_— -— 
2° E 4° 2 2 | 
nin 4 

= ab) —-- 

24 2| Ans 


Note : The transformation could be effected in one step by putting x/a = r cos 6, y/b = r sin 0, 
then | J | = abr. 


2. To evaluate ff ee? ~2a(x + y)—(x? + y?)} dx dy over the circle x? + y? + 2a(x + y) = 2a, 
transform the origin to (- a, — a), by putting x + a = u, y + a = y, so that the integral becomes 


ffcaa? —u’—v*) du dy, over the circle u? + v? = 4a?, Changing to polars, we get 8za‘. 


Is ffi2e — 2a(x + y)- (x? + y?)}dx dy over the 


circle x? + y? + 2a(x + y) = 2a? 
x? + 2ax + a? + y? + 2ay + a? = 4a? 
(x + a? + (y + a)? = 4a? 

put xta=uyta=y 

So the integral becomes 
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l= ff (aa? —u? —v?)du dv 


Changing into polar coordinates 


2n pe 
= font 0 (42? —r?)r do dr 


28 
=f aa") ao 
o 2 44, 


= at [0],* = 4at (22) 
= Bat 
Example : Evaluate ffo- x)dx dy, over the region E in the xy-plane bounded by the straight 
lines 
y=x-3,y=x+1, 3y+x=5, 3y+x=7 


Solution. It is difficult to evaluate the double integral directly; however a simple change of 
coordinates reduces the domain of integration into a rectangle with sides parallel to the axis. 


Set y-x=u, 3y+x=Vv 


1 1 
so that x = qa - 3u), y= an? u) 


a 1 
jo ed, apie 
and 76| 1 | goede 


The new domain is the rectangle R = [-3, 1; 5, 7] in uv-plane. 


ff.o —x) dx dy = ffeqou dv 
=1f udu fav =-2 


Example : Evaluate the integral 


I= pdx py? +y? dy 


by passing on to the polar coordinates. 

Solution. The integral in question is the double integral ffs x? + y? dx dy over the region enclosed 
by the triangle y = 0, y= x, x=1. 

In polar coordinates, the equations of these lines are 6 = 0, 6 = 1/4. r cos 6 = 1, so that the 
domain of integration is 0 < 0 < n/4, O <1 < sec 0. 
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1= [ae fre dr d0=3 {sec" 0 do 


1 
= gl? +log(1+ v2)| 
Dirichlet's Theorem 
The theorem states that 
[fff er a ted, dx, dx, ... dx 


__fmim, fm Im 


(m, +m, +...+m, +1) 


where the integral is extended to all +ve values of the variables x,, x,, .... X, subject to the 
condition x, + X, + ...%, <1. 
Liouville’s Extension of Dirichlet's Theorem 

If x, y, Z all positive such that 

hsx+y+zsh, 


Jifec + y+ 2Z)x!7 y™2™ dx dy dz 
_[elmin 


= ul F(u) u"™"""" du 
é+meneh 


Example : Evaluate 
ffexrt yx yp ‘dx dy, m21n21,p21 
where E is the region bounded by x = 0, y = 0, x + y= 1. 


Now ff. x™T y"(1— x —y)P" dx dy 


= f ax pe y"\(1-x-y)P"dy 


For this type of integrals, two sets of substitutions are possible, which give an integral with 
constant limits. We discuss both these here. 
First method. Put x + y = u, x = uv so that 
y=u(1 -v) 


The Jacobian vanishes when u = 0, i.e., when x = 0 = y. The origin of the xy-plane corresponds 
to the whole line u = 0 of the uv-plane, so that the correspondence ceases to be one-to-one. To exclude 
the origin of the xy-plane, we cut out the region along a line x = h parailel to the y-axis and consider the 
integral on the remaining domain E,, bounded by the lines 

v=1, u=1, we=h 
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~v 
~ 


However, in the limit when h — 0, this new region degenerates into the square bounded by 
vei, u=1, v=0, ush 


Thus Sf, x™ty™ (1x y)P dx dy 


= fifi Tu" (1-vy?"(1—u)? udu dv 


=fuee 1-uy "duf'v" 1- vy dv 
= B(m +n, p).B(m, n) 


_ Em +n) P(e) Fm) F(n) _ Fm) F(a) F(p) 
~ T(m+n+p) T(m+n)  r(m+n+p) 


Second method. Put x = u, y = (1 — u)y, so that 
1-x-y=1-u-(1-ue=(1-uy(1-v) 


and 


which vanishes for u = 1, so that the point (1, 0) in the xy-plane corresponds to the whole line 
u = 1 in the uv-plane. However, proceeding as in the first method, the new region becomes the square. 
u=0, v=0, u=1, v=1 


Thus [[_x™"y""(1-x- yP"dx dy 
=f urea wea vyPtau av 
= fi u™"(1—u)’"""'du fi v™(— vp" dv 


= B(m, p + n) - x(n, p) 


_ Em) F(p+n) F(n) F(p) _ Fm) F(n) Fp) 
T(m+n+p) T(p+n) F(m+n+p) 


Example : Evaluate fh.s0( 22] dxdy, where E is the region bounded by the co-ordinate axes 
\ 


and x + y = 1 in the first quadrant. 


1 1 1 
Solution. Taking x - y = u, x + y = v, so that x = 7 uty), y= zu), and the Jacobian is 2 
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Sl sin XY Jouty =f, sin( 2) aud (1) 


(uy Tpapy ou 
Now fh. 8in( $} dua =5 hv f sing du 


=3f v{-cos1+cos(-1)}dv =0 w=e(2) 


Hence, from (1) and (2), the required integral is zero. 
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Let f(x, y, Z) be a function of three independent variables x, y and z defined at every point of a 
three-dimensional region V. Divide the region V into n elementary volumes 6V,, dV, ..., dV, and let (x, 
y,, Z,) be any point inside the rth sub-division 5V,. Find the sum 


YO, 9,.2,)8V,. 


Then fff. fsy.zyav = lim Y10,.¥,.2,)8V,. 
v0 FT 


To extend definition of repeated integrals for triple integrals, consider a function f(x, y, z) and keep 
x and y constant and integrate with respect to z between limits in general depending upon x and y. This 
would reduce f(x, y, z) to a function of x and y only. Thus, let 


Pera) 
axy)= J flxy.z)dz 


mOKy) 
Then in 6 (x, y) we can keep x constant and integrate with respect to y between limits in general 
depending upon x this leads to a function of x alone, say 


vate 
v= f oxy)ay 


vile) 


Finally w(x) is integrated with respect to x assuming that the limits for x are from a to b. 
Thus 


‘i f(x y,z)dV = PP ey. z)dx dy dz 


a noo 


= i? 4 ait (x,y,z) a 0 dx. 


Slee aiey) 
If we put f(x, y, z) = 1, then the volume 


a yale) m(xy) 


V=fffavefo fof dxdyaz 


b no) aiy) 


Use of definite triple integral in finding volume of 3D shape : 


If we have a 3D-shape in which two very-very closed point (P, Q) are taken as diagonal of a 
cuboid. 


3D Shape 


(y.Z 


Then volume of this elementary cuboid inside that 3D shape 
dV = dx dy dz 
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Ve flax dydz taken over region 


Ve ere (ee dx dy dz 


Yow l2) dxae Cy.) 
Example : Evaluate the integral 
tft? __dxdydz 
34003 (k+ytz+1" 
Solution. Let 


=f va bey dxdydz 
m. 4 (x+y+z+)* 


due Jas 
Q(x+y+z24+1)" 


1eT4 1 
| (asl 


4 aie 
= d: 
[asta ‘3 


hey 
| dx dy 
lo 


0 
geass 

— 
—— 


J 
2 


[3 dee ' 
a ri foatx+0] 
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Example : Evaluate ff, +y’+2z")dx dy dz where V is the volume of the cube bounded by 


the coordinate planes and the planes x = y = z = a. 


Solution. Here a column parallel to z-axis is bounded by the planes z = 0 and z = a. 
Here the region S above which the volume V stands is the region ist he xy-plane bounded by the 


lines x =0,x=a,y=0,y=a 
Hence the given integral 


-[ffoe +y? +2z?)dx dy dz 
00 
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Fig. 


2 1a 1a. 
a a d: 
[xay preepery| ox 
Ki 


‘| 


Example : Jif (ex +y)dx dy dz, where V is the closed region bounded by the cylinder z = 4 — 
x and the planes x = 0, y = 0, y = 2 andz = 0. 


Solution. Here a column parallel to z-axis is bounded by the plane z = 0 and the surface 
z = 4— x? of the cylinder. 


This cylinder z = 4 — x? meets the z-axis, x = 0, y = 0, at (0, 0, 4) and the x-axis, y = 0,z=0 
at (2, 0, 0) in the given region. 

Therefore, it is evident that the limits of integration for z are from 0 to 4 — x?, for y from 0 to 2 
and for x from 0 to 2. 

Here the given integral 


Fig. 


€ Eduncle Mathematics (integral Calculus) 


= (2x + y) (4—x?) dx dy 


= j [lex —20 + (4-22) y] dx dy 


x0y-0 


2 1 2 
=f [xy ~2x°y += (4- xy] dx 
2 0 


fo 
2 
= flex - 4x? + 2(4-x?)] dx 
0 
2 


-[2e -x* vox-Ze | 
3 0 


-(31-16+16-28)_ 80. 
3)" 3 


Example : Evaluate 
1. Zz? dx dy dz 


taken over the region common to the surfaces 
x+y? + 2 = at, and x? + y? = ax 


Solution. The region is bounded, above and below by the surfaces 


z= Ja? —x?-y? and z=-Ja? 2 y? 


and its projection on the xy-plane is the circular domain D = x? + y? < ax. 


1. 2’ dx dy dz= Sh dx af 2 dz 
2 ie =x? ~y?)" dx dy 


Changing to polars, the region D becomes the circle, r = a cos 8 
0<@<2,0<r<acosé@ 


_ Bpe ga prlnd den 
=3{, Ff, (a? -1?)°?r dr 


2a°(15n-16) 


Di iniptlbin, cg 
= eh (1- sin’ 6)d0 = 398 


474 
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Example : Evaluate 
I= Sh. (y?z? + 22x? + x’y?)dx dy dz 


taken over the domain bounded by the cylinder x? + y? = 2ax, and the cone 2? = k?(x? + y?), 
Solution. The domain E is bounded above and below by the surface 


Z=kyx? +y? 


and = z=-kJx? +y? 


and its projection on the xy-plane is the circular domain D, x? + y? < 2ax. 


= ff, dx dy x fe +y?)z? + x2y?} dz 


1 
= aff, foe +y?)P?k? + xy fe +y? dx dy 


Changing to polars, 


AK prt gn p2acose ae pees 
aah de if (k? +3 cos? @sin? @)r° dr 
= ee." (k? cos’ @ + 3cos? Osin? 6)d@ 
28182 ae Pees 

735 33 


Change of Variables in A Triple Integral 
Let f be continuous in a domain E bounded by a surface S in xyz-space. 
Also let 
x=x(X¥,Z,y=y¥ (X,Y, 2);2=2(% Y, Z). 
define three functions of three variables X, Y, Z, defined in a domain E, bounded by a surface S, 
in XYZ-space. 
We suppose that these three functions with values 
x (X, Y, Z), y(X, ¥, Z), 2(%, ¥, Z) 
(i) Possess continuous first order partial derivatives at each point of E, and S,. 
(ii) transform E, into E and S, into S. 
(iii) the transformation is one-one. 
(iv) the Jacobian 
x,y, 2Z) 
AXY,Z) 
does not change sign at any point of E, even though it may vanish at some points of S.. 
It will then be proved that 


Sh. f(x, y.z) dx dy dz 


(xy, 2) 
A(X, Y,Z) 


= Mil, £(X% ¥,Z)/- S22"4| ax a¥ dZ, 
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where x, y, Z have to be replaced by their values in terms of X, Y, Z in f(x, y, Z) in the integral 
on the right. 


Example : Show that 
Is ffferyn'2z"-x-y-2)"dx dy dz, (L mn, p21) 
taken over the tetrahedron bounded by the planes, x = 0, y = 0, z = 0, 


EQ) Hm) Ma) TP) 
T(i+m+n+p) 
The given integral is same as 


X+Y+Z=1is 


fat? “dy im * Pty 2e4q_ x — yz dz 


First Method. Let us put x + y + z = u, X + y = uy, X = UW, ie., std. substitution 
x = uw, y = uv(1 — w), z = u(1 — v) 
It may be seen that when x, y, Z are positive and x + y + z < 1, then each of u, v, w lie between 
0 and 1 and conversely. So the given region is fully described when 0 < 1,05 vs1,0<5wsil. 
Also, them 


ACK, 2Z)] 


Jie eS 
vi u,v, W) 


Py|=urv 


= flyementey _ yet 1 tem-tyy yet 
I= ful (1-u)? du jy (1-vy""dv 


f w'"(1—w)™' dw 


0) Fm) rn) Fr 
= B(L + m +n, p)-B( + m, n)-B(I, m) = a ae 


Second Method. Put x = u, y = (1 — u)y, z = (1 — u) (1 - vw So that 
T-x-y-z=(1— u(t —- v1 — w) 


AKWY Z| ag _wyeq_ 
Auvw)| ana) 


I= fluctua fv vy dy [wet —wyPt dw 


and Ide 


EP) Fn) 1(P) 


= GL m + n+ p)-B(m, n+ P)BM P) = TG mane p) 


Example : Evaluate 
I= fff fla’b%c? - b’c7x? - cay? - a’b’z*)ax ay az 


taken throughout the domain 


rer ae 
{(nyardeeteZ al 


Change the variables x, y, z to X, Y, Z where 
x= aX, y = bY, z= cZ, 
so that é(x, y, z)/e(X, Y, Z) = abe. 
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Thus |= a’b’c?(f j(1- x? - Y?-2?) dX dV dZ 


taken throughout X? + Y? + Z? <1. 
Changing X, Y, Z to polar co-ordinates 1, 8, » so that 

X =r sin 6 cos g, Y = 1 sin 8 sin g, Z = 6 cos 6, 
We have, since 

AX, Y, Z)/Ar, 8, e) = PF sin 6, 


1=a’b’e?[{f ‘i -1?) 7? sin @ dr do do. 


It is easily seen that to describe the whole region. 
M+ V+ 2251. 
r varies from 0 to 1; 6 varies from 0 to x ; @ varies from 0 to 2n. 
Thus (f, 8, @) varies in the rectangular parallelepiped. 
[0, 1; 0, n; 0, 2x] 


i abc? ("do I sin 6 do f (1-r?) 7 dr= farbiets! 
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6. SURFACE AREA 
Definition : The area of the surface 


x= f(u, v), y = g(u, v), Z = h(u, v); (u, v) « D 
is the double integral 


assuming that the functions f, g, h possess continuous first order partial derivatives in D and at 
no point of D. 


Au,v)} — La(u,v) auvy |” 

Note : Here, we do not propose to derive the expression as given above by basing the derivation 
on some elementary notion of surface area. Let the definition as given appear very arbitrary, we outline 
some considerations to call forth reader's faith in the same. 

L Let the surface be plane. We take 

x=uyrvyz=0 
where (u, v) ranges over a domain D in the XY-plane. In fact, the surface coincides with 
D in the present case. 


We have 
ax,y) _|1 + HY.2) 9 A2X) _ 9 
éuv) jO | auvy) | Xuv) | 


FY feawy 


| “|u| * 


= ff, dudv = areaofD. 


Thus the definition of surface area as now given agrees with that of areas of plane regions 


1 Consider the surface given by 

zeh(x y). 

We take it as given by 
z=u,y=¥,Z= A(u, v) 

where (u, v) = (x, y) ¢ Dc R*. 

We have 
Oy.Z)_ Zz _ a 
@uv) ou x 


(zx) oz__ a 


(xy) _ 
(u,v) ak 
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2 2 
a4 a4 
surface area = ie (2) dx dy. (1) 
The reader acquainted with the elements of Differential Geometry knows that 
JOB 0k 


x ay" 


are the direction ratios of the normal to the surface at any point (x, y, z) , so that if we suppose 
5c to be an element of surface lying on the tangent plane at the point, the projection area 5A of dc on 
the XY-plane is given by 


sA= 


This suggests, on summation, the truth of (1). 
Note. The reader may easily show that 


ea «(Rea] +L] <0". 


o(uv) 


oxy ay czy 
c-(%) (& : 
where (=) aes (3) 


ay é 
oO ee 
cu Oy du GU 


2 2 2 
BF 
Oo ov a 
Smooth surface. 
Definition: A surface given by 
x = f(u, v), y = g(u, v), z = h(u, v); (u, v) e D 
is said to be smooth, if f, g, h possess continuous first order partial derivatives at each point of 
D and at no point there of 
aly,2) (2.x) Axy) 


é(u,v)' a(u,v)’ a(u.v) 
vanish simultaneously. 


Example : The area of the surface of the paraboloid 2z = x? + y? which lies between the planes 
z=0,z2=2is 
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Here 


S= ff f(t+ x+y?) ax dy 


The projection on the plane z = 2 is x? + y? = 4 or r = 2 which is a circle between @ = 0 and 
@ = 2n (changing to polars by putting x = r cos 9, y =r sin 6). Hence 


s= ff, (+0?) de dr 


2S —tIloh 
= 2 [sv -1] 


Example : Find the area of the surface az = xy that lies inside the cylinder (x? + y?)? = 2azxy. 
Sol. We have az = xy. 


@_y mx 


mx aig a 


fez¥ (ezy _ fesyita 
Surface area = pale (2) - ae 


1 
ey (a? +r?), changing into polars.(x? + y’ 


Also (x? + y’)? = 2a’xy becomes r? = a? sin 20 
curve is a symmetric about origin and see the loop of the curve lies between 0 = 0 to 7/2. 


rr’, X=reos®, y=rsing) 


fear) 
gnof ere te) a iF do dr 


- dé 


at2 (@ 
“i Se 2x3/2 


lo 
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s (i) 
where I= {;T(sino + cose)" -1]ae 
1= f° 7T(sino + cose)" -1]a0 
“So L 
= [°"[sin? @ + cos* 0 + 3sin’ 6cosd + 3sindcos’ 6-1]de 
1= J°"[sin’ 0 + cos® 0 + 3(1- cos? 0)cos0 + 3sino(1 - sin? 9) - 1}do 
\= J°"[sin? @+cos'@+ 3c0s0 -3cos” 0+ 3sin6 - 3sin’ 6- 1]do 
\=J°"[3c0s0 + 3sin@ - 2cos* 6 - 2sin® @- 1]d0 
7 a 2h: 2, * 
1=[ssino-3eosof,” ~2(3+)-(a),” 
1=343428 Big. 8 2 
3.2 3.2 
polbo8 
3 2 
1-10_% 
3 2 
(20-3n) i 
[ee 
$ wii) 
By equation (i), 
2, (20-32) a 
= So Sq? sO 3M © (99-3 
: go ong Tig O88) 


Example : Compute the surface area S of the sphere 
x+y? +7 = a? 
The surface area of the sphere is twice the surface area of the upper half-sphere z = a -x-y?. 


te4 x Oz _ 


=e on y 
Now &%& faz —x? -y?' oy Ja? -x? -y? 


4 


L(y re a 
so that *lx. *loy *Teoxay? 


The domain of integration is the circle x? + y? = a? on the xy-plane. 
Thus by formula (1), we have 
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On passing to polars, we have 


s=2f7[ id |= Ao 


va -? 
Example : Find the area of that part of the surface of the cylinder x? + y? = a? which is cut out 
by the cylinder x? + z? = a”. 


—————- 9 
E27] 


1 
The Fig. shows ri of the desired surface 


The equation of the surface has the form 
y= va? —x? 


Oi 8 ee 
so that 5" Jaz? oz 


The domain of integration is a quarter circle x? + 2? = a2, x 2 0, z 2 0, on the xz-plane. Thus by 
formula (3), we have 


ee 
ao-h dx f erent 


x’ 


S = 8a’. 
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By Triple Integration 
The triple integral 


ff. dx dy dz, 


carried throughout a region E in space of three dimensions gives the volume of E. 
By Double Integration 


Let C be the boundary of a region E of the xy-plane and let a cylinder be constructed by lines 
through the points of C parallel to z-axis. Then the volume of the cylinder enclosed between the surfaces 


Z= o(% y), Z= w% y) [fo y) 2 w & YI] 


x.y) 
is Wf i dz fxd, and can be easily seen, given by the double integral 


yxy) 
Jf oly) - vO y)axdy, 
Example. The volume enclosed by the surfaces x? + y? = cz, x? + y? = 2ax, z = 0. 


Sol. The limits of z are 0 to (x? + y*)/c. The limits of y are from —¥J(2ax— x?) to (ax - x?) 
and the limits of x are from 0 to 2a. 
The value 


Va 25 PP (9 aay dz 


= 2(a (er ey = ” ox dy 


2 [oe Gan 97 + 20 x29] x 
22 fe fee] et 007 Jo 


=asin@ 


ese j. *(a—asine)a? cos? 0d0+2 "at cost C) as] 
cl de2 Blue 


43) 
Spel (cos? 0+ cos? Osin? 8-208" bsind - cos" 8) 
rae 


_ 3nat 
ara 


Example : The sphere x? + y? + z? = a? is pierced by the cylinder (x? + y?)? = a?(x? — y’); prove 
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Here limits of z are from — fe -x°—y’) to J(a?-x?-y?) and therefore, 


the volume = [If dx dy az 


= asf ile -x*-y") dx dy 

Now the equation of the cylinder is 
(x2 + v3? = a? - y) 

Putting x = r cos 0, y =F sin 6, we get 
P = a? cos 20. 


The limits of r are from — a,/(cos 26) toa {(cos20) and limits of @ are from —x/4 to n/4. 
The required volume 


nit paffecstal 
= 20 eee ( 


=e f"( 2°? sin? 6) do 


=$atff-27(1 ~cos’6)sino} de 


pee ee re 
3x22 3 


Unit-9 Vector Calculus 


1, SCALAR AND VECTOR 


A VECTOR is a quantity having both magnitude and direction, such as displacement, velocity, 
force, and acceleration. 

Graphically a vector is represented by an arrow OP (Fig.l) defining the direction, the magnitude 
of the vector being indicated by the length of the arrow. The tail end O of the arrow is called the origin 
or initial point of the vector, and the head P is called the terminal point or terminus. 

Analytically, a vector is represented by a letter with an arrow over it, as A in Fig. (I) and its 


magnitude is denoted by | A| or A. In printed works, bold faced type, such as A, is used to indicate the 
vector A while [Al or A indicates its magnitude. The vector OP is also indicated as OP or OP; in such 


case we shall denote its magnitude by OP,| OP|, or |OPI. 
4 


Fig. (I) 

A SCALAR is a quantity having magnitude but no direction, e.g. mass, length, time, temperature, 
and any real number. Scalars are indicated by letters in ordinary type as in elementary algebra. Operations 
with scalars follows the same rules as in elementary algebra. 

Vector Aigebra 
The operations of addition, subtraction and multiplication of scalars of vectors. 


1. The vectors A and B are equal if they have the same magnitude and direction regardless 
of the position of their initial points. Thus A = B in Fig. (II) 
ya Avector having direction opposite to that of vector A but having the same magnitude is 


denoted by - A Fig. (Ill) 


A A 
B A, 
Fig. (Il) Fig. (Ill) 
3. The sum or resultant of vectors A and B is a vector C formed by placing the initial point 


of B on the terminal point of A and then joining the initial point of A to the terminal point 
of B. This sum is written A + B, ie. C = A+B. 


4 The difference of vectors A and B, represented by A - B, is that vector C which added to 
B yields vector A. Equivalently, A- B can be defined as the sum A + (-B). 
5. The product of a vector A by a scalar m is a vector mA with magnitude |m]| times the 


magnitude of A and with direction the same as or opposite to that of A, according as m 
is positive or negative. If m = 0, mA is the null vector. 
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Laws of Vector Algebra 
If A, B and C are vectors and m and n are scalars, then 


1 A+tB=BtA Commutative Law of Addition 

2. A+(B+C)=(A+B)+C Associative Law of Addition 

3. mA = Am Commutative Law of Multiplication 

4. m(nA) = (mn)A Associative Law for Multiplication 

5. (m+ nA=mA+nA Distributive Law 

6. m(A + B) = mA + mB Distributive Law 

A UNIT VECTOR is a vector having unit magnitude, If A is a vector with magnitude A = 0, then 


A 
Tl is a unit vector having the same direction as A. 
The Rectangular Unit Vector i, Jj, k 


An important set of unit vectors are those having the directions of the positive x, y, and z axes 
of a three dimensional rectangular coordinate system, and are denoted respectively by i, j, and k Fig. (IV). 


Fig. (IV) 


Components of a Vector 

Any vector A in 3 dimensions with initial point at the origin O of a rectangular coordinate system 
Fig. (IV). Let (A,, A,, A,) be the rectangular coordinates of the terminal point of vector A with initial point 
at O. The vectors A,i, A,j, and A,k are called the rectangular component vectors or simply component 
vectors of Ais the x, y and z directions respectively. A,, A, and A, are called the rectangular components 
or simply components of A in the x, y and z directions respectively. 

The sum or resultant of A,j, A,j and A,k is the vector A so that we can write 

A=Ai+Aj+ Ak 
The magnitude of A is 


A=IAl= fA?+A2+A2 

In particular, the position vector or radius vector ¢ from 0 to the point (x, y, z) is written as 
r= xi + yj + zk 

and the magnitude 


rein = yxt+y+z?. 
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Scalar and Vector Point Functions Related to Field 

(a) Scalar Field : If to each point (x. y. z) of a region R in space there corresponds a number 
or scalar gn (x, y, z), then n is called a scalar function of position or scalar point function and we say 
that a scalar field n has been defined in R. 

A scalar field which is independent of time is called a stationary or steady state scalar field. 


Examples : 

1. n(x, y, 2) = x*y — 2? defines a scalar field. 

2. The temperature at any point within or on the earth's surface at a certain time defines a 
scalar field. 


(b) Vector Field : If to each point (x, y, Z) of a region R in space there corresponds a vector 

A(x, y, 2) then A is called a vector function of position or vector point function and we say that 
a vector field A has been defined in R. 

A vector field which is independent of time is called stationary or steady state vector field. 


Examples : 
1. Azxyi+y’zj+z* xk is a vector field. 
2 If the velocity at any point (x, y, z) within a moving fluid is known at a certain time, it is 


said to be a vector field. 
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Scalar Function 

Let ; be the set of real numbers and D c ;. 

If corresponding to every t < D, g(t) is a unique scalar quantity, then g(t) is called a seafar 
function of the variable t. 


Vector Function : If corresponding to every t < D, f(t) is a unique vector quantity, then f(t) is 
called a vector function of the variable t. If for every single value of t, f(t) has a unique value, then 
this is called a single valued vector function. 


Every vector can be expressed as a Linear Combination [LC] of given three non-coplanar 
vectors. 


Therefore f(t} can be expressed in the following decompose form 
f(t) = fDi + £,(0) + £,(Dk, 
where f,(t), f,(t), f,() are scalar functions of scalar variable t. 
When a vector function r = f(t) is expressed in the component form, then that represents the 
position vectors of different points in space for different values of t(which is called the parameter). As 
t changes, the end point of r = f(t) determines a continuous curve which is called space curve. 


Example : Let P be the position of a moving particle at any instant t along a curve whose position 
vector is r wrt the origin O. As the particle moves, the vector r also changes. Therefore r can be taken 
as the vector function of the time t. 

Thus velocity and acceleration of a moving point are vector function of time t. 


Conversely : A curve can always be represented in terms of position vector r of a point situated 
on it, where r is a function of scalar variable t (parameter). 


Example : Standard Vector Equation of a Circle 


We know that the parametric co-ordinates of any point on the circle with centre at the origin and 
radius a are 


x=acost,.y=asint (1) 
Therefore, substituting from (1) in r = xi + yj + zk, the required standard vector equation is 
t= (a cos t)i + (a sin t)j + (0)k, 
where a is a constant and t is a scalar. 
Example : Standard Vector Equation of Parabola : 
= (at?)i + (2at)j + (0)k, where a is a constant. 
Example : Standard Vector Equation of Ellipse : 
t= (a cos t)i + (b sin t)j + (0)k, 
where a and b are constant. 
Limit of a Vector Function 
Definition 


A vector function f(t) is said to tend to a vector I called its limit, when t tends to t, if given any 
number « (however small) > 0, there corresponds a number 5 > O such that 


O<it-tI<s> I) -l<e 
Thus if the limit of f(t) is 1 when t tends to t,, then this can be symbolically expressed in the form: 


lim f(t)=1 
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Following are some of the theorem on limits of vector functions : 
If f(t) and g(t) are two vector functions of a scalar variable t and 9(t) is scalar function of t, then: 


@ im [F(t)  o(t)] = tim f(t) fim a(t) 
Ci) fim {F60-9Ct9]= fim #0] tim ot] 
(ii) im [F() x 9(t)] = Jim f(t) im g(t) 
(wy) im att f()= Jim || £0 | 


jim fe] 0) 
Continuity of a Vector Function 
Definition 


Any vector function f(t) is said to be continuous at t = t,, if corresponding to every positive quantity 
¢ (however smail), there exists a positive quantity 6 such that 
It-t1 <6 = I) - fl <e. 
Clearly, the vector function 
f(t) is continuous at 


t=t, © lim f(y) = fi). 


Derivative of a Vector Function 

Let r = f(t) be a single valued continuous function of scalar variabie t. Let st be the arbitrary small 
increase in t and dr be the corresponding increase in rf, i.e. dr = f(t + dt) — f(t) 

If the limiting value of the ratio 5r/St when dt - 0 exist, then this is called the Derivative or 
Differential coefficient of r wrt t and is expressed by dr/dt. 


f(t bt)-f(t 
Therefore, sls fim & = tim ut HeesyetG) 
dt #20 8t aso at 


For any vector r = f(t) if dr/dt exist, then this called differentiable or derivable vector. 
Geometrical interpretation of the derivative of a Vector Function : 

Let r = f(t) be a single valued continuous function of scalar variable t which represent a curve in 
the space. Let r and r+ ér be the values of this function corresponding to t and t + dt which represent 
the position vectors OP and OQ of two neighbouring points P and Q. 

Therefore r = f(t) = OP 

and ort or=f(t+ dt) = 00 


r+ or 


Fig. 
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or 
Hence — a is a vector parallel to the vector PQ whose magnitude is 1/ét times the magnitude of 
&r. When at — 0, then dr — 0 and in that case the direction of the vector PQ is along the direction of 


dr 
the tangent at the point P. Therefore the limiting value of when bt > Die. a is a vector whose 


direction is along the tangent to r = f(t) at the point P. 
Successive Derivatives 

If dr/dt is again differentiable wrt t, then its derivative is denoted by d’r/dt? which is called the 
second derivative of r. Similarly, if d°r/dt? exist, then this is called the third derivative of r etc. These 


are all called the successive derivatives of r and denoted by 1,7, . fespectively. 


Derivative of a vector in terms of its components 
Let r = xi + yj + 2k, where x, y, Z are any functions of the scalar variable t. Corresponding to the 
small arbitrary increase ot in t, there are increments 6x, dy, 5z and x, y, 2 and r respectively. Then 
r+ dr = (x + dx)i + (y + dy)j + (Z + Sz)k 


> or = {(xi + yj + zk) + (Sxi + dyj + Szk)}— 1 
> or = xi + Syj + 52k 
LK, 


+ 
ot st at at 


or 8 & 
> lim — =tim i tim atin Z 


=k 
40 St ot St std Ot 


Constant Vector : Definition : A vector having constant magnitude and direction is called a 
constant vector. 


Note : This may be clear that any vector is not a constant vector if only either magnitude or the 
direction is constant. 


Derivative of a constant vector 

Let r = c be a constant vector function of the scalar variable t. Therefore c is a constant vector. 
: r+dr=c=>dr=c-c=0 
or 
ie 


0 


or dr 
lim, * = jim 0= 0 —=0 
a4 S90 Bt 840 re dt 


Therefore the derivative of a constant vector is zero vector (0). 
Differentiation formulae for vectors 


If a, b and c are differentiable vector functions of the same scalar variable t and 9 is a scalar 
function of t, then : 


(i) Derivative of the Sum and Difference of two vector functions 


(asp) = 924 © 
at dt 


dt 
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{(a + da) + (b + db) - (a+ b)} 


d 5 
Proof. a (a+b)= fim, 


éa+db da 
= — = lim — + lim — 
a0 Bt 140 Bt & +9 Ht 


(+59) (a +3a)- 4a 
ims st 


Proof. (6a) = lim 


ga + dda + dha + Sida — ga 


= lim 


at ‘at 
= mo Ba» ea 
aol Bt ot ot 
= lim ee im 2a y tim 22 5a 
0) Sf RO Ht LOGE 
da do_. do 
=g—+a+ 20 Pear 
ae Por [- 8 +>0>8a> 0] 
298 Ma 0988 Me 
dt dt dt dt 


(iii) Derivative of the Dot Product of two vectors 


(a+ da)-(b+db)-a'b 
ot 


d - 
Proof. PGs) tt 


= lim a-b+a-éb +$a-b+6a-db-a-b 


0 at 


= lim jee + 2b + =| 
7 ot 


ot ot 
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= tima-22 + tim 52-b + tim 52-30 
tO St tO St a0 St 


db da da 
2 88 O80 a 
a at ar [- ét > 0 => db > 0] 
ona 22, 9a, 
dt dt 


(iv) Derivative of Cross Product of two vectors 


J (axb)=ax, 22 x5 

dt dt dt 

(a+ 5a) x(b+ 5b)-axb 
ot 


d " 
Proof. at (axb)= tim 


axb+axéb+daxb+éaxéb-axb 


= lim : 
uh at 

Hlim ax 28h 5 Bde 
wart a Pa 


= limax® + tim 2? xb + im 22x ab 
a0 At tO Ot a0 Ot 
db da da 
=ax—+—x — 
dt dt dt 


=a 


«2 Bxb+0 [- a&>+0> 8b 50 


db da 
=ax—+—xb 
dt dt 


(v) Derivative of Scalar Triple Product 


d _[da, o] db dc 
glad e]=| 6 c}+[a Fe || >< | 


Proof. ate be] = Gla (bx c)} [by the notation of Scalar Triple Product] 
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d db di 
-[o»F]+[agee+[ See] [by notation] 
d db d 
= [2 be | + [2 a e| [av] [in the cyclic order] 


(vi) Derivative of Vector Triple Product 


Flax (bxe}} =P x(bxe) eax( Pxe]+ax(ox Se} 


Proof. Sfax(bxe) =x F(bx0)+Bx(bx0) 
-ax{oxSs Ba }+Bx(oxe) 
at) at 


de) db da 
=ax{b SF} «anf Pe) + SEx(bxe) 


= B(oxe)rax{ Pre} +ax(px 
dt (at at 
Derivative of the Function of a Function 

Let r be a derivable function of scalar variable s and s be a derivable scalar function of scalar 
variable t. 

Corresponding to a small increase dt in t, let 5s and dr be the increase in s and 1 respectively, 
then 

é&t>O0>6s +0 and & >0 


Now 
-(m (wm $2) 
0g )\ 0 ot 
1 of \{ 3s : 
= dims lim = [st > 0 > és > 0] 
Hence # =#.98 
ence “at ds dt 


Some Important Theorems 
Theorem : If a is a differentiable vector function of a scalar variable t and al = a; then : 


qd da 
al?) =2a 


a: (b) a-—=a— 


(a) 
Proof. (a) .- a? = a: a = |allal cos 0 = a? 


za. 
dt 


2) 9 (92) 2998 
(a )=gl@ )=2a - 
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G (42) 9 (a.q) = 94.9 49.98 
tb) yl )=gylea)= Gr 248g 
=29-98 
dt 


Theorem : The necessary and sufficient condition for any vector a(t) to be a constant vector is 


that 22 9 
al ato 


Proof. The condition is necessary (=>) : 
Let a(t) be a constant vector function of scalar variable t, then it will be proved that 


da 
dt 


=0 


a(t) is a constant function, therefore a(t + dt) = a(t) 


da a(t + dt) —a(t) t) 
8 = fim ROT NY = im — =0 
Hence dt He ét in bt 


Therefore the condition is necessary i.e. the derivative of a constant vector is zero vector. 
The condition of sufficient (<) : 


da 
Le a 0, then it will be proved that a is constant vector. 


Let a(t) = a,(t)i + a,(t)j + a,()k 


da _da,; da, | das, 
then a a at * 
Therefore 

da Pe da,. es ws 

dt dt 

da, da. da. 

Bi 9, S82 29, 8 <9 
Fa at at 
> a,, a, a, are constant vectors independent of t. 
> a(t) is a constant vector. 


da 
Therefore, the condition is sufficient i.e. = ) 


> ais a constant vector. 


Hence a(t) is a constant vector > 
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Theorem : The derivative of a vector of constant magnitude is perpendicular to that vector 
provided the vector itself is not a constant vector. 
Proof. Let a be a vector of constant magnitude but it is not a constant vector i.e., lal = a 


d 
(constant) and Fe 0 


then, a- a= a? (constant) (as 4-6 


—atra—=0 —= 
> at dt > 2a at 0 
da da da 
—s — #0 
> at 0 > al dt [ #+0| 


Therefore the derivative of a is perpendicular to a. 
Theorem : The necessary and sufficient condition that a(t) is a vector of constant magnitude is 


98 9 
dt 

Proof. The condition is necessary (>) : 

Let the magnitude of the vector a(t) is constant i.e., Jal = a (constant) 


Then a: a=a? 


—(a-a) =—(a’)=0 
= lta gl*) 
da da 
—at+a-—=0 
ar ake 
da da 
2a =0 Ss 
2 ae eT 


Therefore the given conditional is necessary. 
The condition is sufficient (<) : 


da 
Let a(t) be a vector such that ant 


Then it will be proved that the magnitude of a will be constant. 


Now a—-=0 
da_ da 
> ana te) 
q 
> ae = 0 => aa is constant. 


> a? is constant = |al is constant. 
Therefore, the given condition is sufficient. 
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da 


Hence |a(t)| is constant <= a- dt 


=0 
Theorem : The necessary and sufficient condition for the vector a(t) to have constant direction is 


ax—=0 
dt 


Proof. First we prove a lemma 
Let 4 be unit vector along a and its magnitude be a, then by definition, 


[- &x4=0] (2) 


The condition is necessary (=) : 


Let the direction of the vector a(t) be constant. Then a will be a constant vector because its 
magnitude is 1 (constant). 


da 


a? 


Hence 


Therefore in this case, from (2) 


da... da >. 
ax — =a'dx— =a4x0=0 
ao a x 
which shows that the given condition is necessary. 
The condition is sufficient (<) : 
da 
Let a(t) be a vector such that a x ae 0 (3) 


then we shall prove that the direction of a is constant 


‘ : 
Now ax-0 = eax So [by (2)] 
. da . da 
2 axe => alle, (4) 


Again the magnitude of 4 is 1,(constant). 
Therefore by theorem, 


. da da 
SiosaiS 
asa (5) 


dt 
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(4) and (5) show that the vectors 4 and are mutually parallel as well as perpendicular 


da 
(contradiction), which is possible only when a =0 


is P . da 
Since 420, 4 will be a constant vector, being : 


0, 


iLe., its direction will also be constant. 
Consequently the direction of a(t) will also be constant. 
Therefore the condition is sufficient. 


da 
Hence the direction of a(t) is constant <=> a a tt) 


Unit tangent vector to a curve at a point 
If r = f(t) is a single valued continuous and differentiable function of a scalar variable t, then we 


dr 
have seen that a® a vector whose direction is along the tangent at the point ‘t' to the curve r = f(t). 


Therefore, at the point ‘t 


Tangential unit vector f= dri dt 
|dr / dt] 


Instantaneous Velocity and Acceleration : 


If t is the time and r= OP is the position vector of any moving point P wrt the origin O for the 
vector r = f(t), then 
& = displacement of the particle in the interval 5t 


or 
a average velocity of the particle in the interval dt 


Hence if the velocity vector of any particle at the point P is v, 


SOF dr 
v= lim — or v=— 
then hairs at (1) 


dr 
Since the direction of the vector ry is along the tangent at P on the curve, therefore the direction 


of the velocity of the particle at P will also be along the tangent at P on the curve, 
Again if v be the change in the velocity v of the particle in the time interval 5t, then 


ov : F 
a = average acceleration of the particle in the interval st 


Hence if the acceleration vector of any particle at the point P is f, 


f = lim —=—=— 
then Tao at dt dt dt 


bv _dv_ d/fdr\ f dr 
=== al” or (2) 


497 


€ Eduncle Mathematics (Vector Calculus) 


Example : ifr = acosti+asintj+tk, find the following : 


dr dr 
@ > (b) i 
ar dr] 
©) az (d) ie 
Solution. (a) Givenr = acosti+asintj+tk 
dr_d Pa ere rer 
— =—(acost)i+—(asint)j+—(t)k = —a si j 
ao aie Wal di a) a sinti+ acostj +k 
21 


(b) rite {(-asint)’ + (acost)? +0); 


= |{a? sin? t+ a? cos? t+1) = f(a +1) 


2, 
(c) fhe ae a t_asinti+acost j+k] 


el 


‘dt dtLdt} at 


d d dl 
= Gy (-asint)t + (acost)j + 5(1)k 
=-acosti-asintj + 0k 

= —a(cos ti + sin t j) 


@) ie = {(-acost)" +(-asint)’} 


ae 


= (a? cos? t+ a? sin’t) =a 


Partial Derivatives of Vectors 
Let r = f(x, y, Z,....) be a vector function of independent variables x, y, z, ...... Let ér be the change 
in f due to the small change 8x in x, whereas there is no change in other independent variables, then 


or a 
if Sx exist, is called the partial derivative of the vector r wrt x and is denoted by ai 


a 5 5 ‘2 
Thekslonds 2 i tim {K+ 86.2...) f(xy...) 


m.! 
OX 90 HX x0 &X 


™ 
Clearly o is the ordinary differential coefficient or derivative of r wrt x and all other independent 


variables are treated as constants. 
Similarly, the partial derivatives of r wrt other independent variables y, z, ... etc. can also be 
defined and denoted respectively by 
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Successive partial derivatives of a vector function r can also be defined as in calculus of scalar 


variables : 


a £(5} ar afar) ar 
x)’ ey? ey ey Jer? 


or afar Ris 
cyox 0 ° 


x ex 


If second order partial derivative of r are continuous, then 
er 


~ ayay ie., commutative. 


If a and b are two vector functions of independent variables x, y, Z and @ is a scalar function of 


x, y, Z, then the following results can be easily proved: 


a) 


(2) 


(3) 


(4) 


(5) 


where a,, a,, a, are scalar functions of independent variables x, y, z. 


Example : If r = (2x’y — x‘)i - (e” — y sin x)j + (x? cos y)k, find the following : 


or or or 
@ = Oe © & 
ot ar ar 
Cy ) aay () yax 
ar 


Also show that : 


Oxoy 


Solution. «- 1 = (2x’y - x‘)i - (e” - y sin x)j + (x? cos y) k 


or é 

SZ ia y -x ji-Z(e” ~ysinx)j +0 cos y)k 

= (4xy — 4x°)i - (ye - y cos x)j + (2x cos y)k 
Similarly, 


a 


oy 


8 <4 
Lae y- xJi-F (0 "”~ysinx)| + (eos y)k 
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A) 
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= (2x? )i-(xe” - sinx)j-(x? siny)k (2) 


4xy — 4x Ji-(ye™ ~ycosx)j+(2xcosy)k_] [by (1)] 
=(4y-12x?)i-(y’e” + ysinx)}+(2cosy)k (3) 
er afa een sh Seat ° 
SE (2) Sant (xe-anx))-¥ sinyk | [by (2)] 
=— x? ev j — x? cos yk (4) 

er afal_a@ . aa ; 
aa -£1¢] Pike (xe - sinx)j-x? sin yk] [by (2)] 
= 4xi — (e% + xye¥ — cos x)j — 2x sin yk (5) 

2(8) 

oy ex 
= 5 i (40y—4x°)i-(ye" -ycos x)j+2xcos yk] [by(1)] 
= 4 xi - (@” + xye” — cos x)j — 2x sin yk (6) 


From (5) and (6), the required result is verified. 
Example : If a = xyz i — 2xz3j + xz? k; b = 2zi + yj — xk ; 


Find : [Se -»)| 


\n0-2) 
a ala al, ab ca 
axb)= axb) |= b 
Solution. Say xb) [x | al ayy | 
é éb é (ea 
=—} ax |+—| = 
Oxley) ox ey 
@b éa db da cb aa 
=ax tox Sp Sx Se xb (1) 


Oxdy Ox dy cy OX Oxcy 


or first calculate a x b by 


iJ K 
a A, Ay 
b, b, b, 
if az=aita,J+ak 


b= bi + bJ + bk 
then first differentiate (a x b) by x and then by y. 


€ Eduncle Mathematics (Vector Calculus) 


ca " er a) 

— = 2xyz i- 22°] +27k; —=-2xk 
Now x yz I+ ox 

can 

Se axX2i =—=j 

yy oy 

2 (ee é 

aa -2(2)-2(e2i)=20i 

oxcy oxley) ox 

ab (eb) @), 

sO ODI 38. 

exey axley) ex 

at 
ax =ax0=0 
oxey 

ye ee “5 

a ee 22°} + 2*k) x j = 2xyz k = 271 

a=aji+a,jt+ak 

b=bi+b,j+b,k 

i jk 
Since xb=|a, a, a,| = i(a,b, — a,b,) — j(a,b, - a,b,) + k(a,b, — a,b,) 
b, b, b, 

SS = (¥Ri)x(-2xK) = 202 j 

@a i ee 354 
and xb= 2xz ix(2zi+yj-x k) = 2xyz k + 2x°z j 


ony 
Substituting the values from (2), (3), (4), (5) in (1), 
2 
oxoy 
= 24] + 4x°z j + 4xyz k 
At the point (1, 0, -2), 


(axb) =0 + (2xyz k - 27) + (2x°z j) + (2xyz k + 2x°2 j) 


2 
—_(axb) = -4i- 8) + 0k = -4i- 8) 
oxoy 

The Vector Differential Operator : [Del (V)] 

The vector operator V is defined as follows : 


ko 2S js 


Oz ox by et 


This is a differential operator which is read as *Del or ‘ Nabla ‘. 

Scalar Point Function : 

Let R be a region of points in the space. If a scalar quantity $(P) or 4(x, y, Z) is obtained 
corresponding to every point P(x, y, Z) by some rule, then ¢@ is called a scalar point function in the 
region R. 


wu(2) 
(3) 


(A) 
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Example : The quantity of any thing. 
Example : Density 
Example : Temperature (at any instant). 


Scalar Field : The set of points in any region R and the vector function ¢ at those points together 
is calied a scalar field. 


Example : Temperature distribution in any medium. 

Example : Gravitational potential of a system of masses. 

Example : Electrostatic potential of charges of a system. 

Vector Point Function : 

Let R be a region of points in the space. If a scalar quantity V(P) or V(x, y, z) is obtained 
corresponding to every point P(x, y, z) by some rule, then V is called a vector point function in the 
region R. 

Example : Velocity of any moving point of fluid at any instant. 

Example : Force of electrical or magnetic intensity of any point of the electrical or magnetic field. 

Vector Field : A vector field is a vector each of whose components is a scalar field, that is, a 
function of our variables. We use any of the following notations for one : 

WOE, ¥, 2) = (YOK, ¥, 2s ¥O% Ys 2), 40 ¥, 2) 
W(x, y, Z) = v,(x, y, Z)i_ + v(x, y, Z)j + A(x, ¥, Zk 

Example : Velocity of moving fluid at any instant 

Example : Force of electricity intensity 


Example : Force of magnetic intensity. 
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Definition : If f(x, y, z) is a continuous differentiable scalar point function at every point (x, y, Z), 


then gradient of f is expressed as grad f and defined as follows : 


The operation V : Definition : 


6,.4,,4 
=—i+—j+—k 


ox by” a 


a ee 
Therefore Vf = (ig + jo oa 
oy C 
grad f = vf 


; eit 
ie. Vf = Zt 


(1) 


(2) 


(3) 


By the definition, it is clear that the gradient of any scalar point function f ie. grad f is a vector 


whose components parallel to the co-ordinate axes are respectively BO on a 
Ox by a4 
Theorems on Gradient 
Theorem : if f and g are scalar point function, then : 
(a) grad (f + g) = grad f + grad g 
(b) grad (f g) = f(grad g) + g(grad f) 


af 
(c) grad ee f) 7 (grad 9), g#0 
9g g 
Proof. (a) grad(f + g) = v(f + 9) = (e+ Sendo +9) 
Ky ez 
are pe OF 
aig (Fa) +15 (fa) +k (f9) 


(Si SeeZ)- (2243) 
ox ey tora é 


[ibs jo one afi hs j2ok2|g 
oy by eB oy oy CZ 
= grad f + grad g 


Vif tg) = VF + Vg 
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(b) greg) = via) = (ri one 0) 


=i S2(19) +15 (f0)+ k= (9) 


(RS) (S05) (3-08) 
ox ex ey sy cc aa 4 


a is 
=f ej js +B) [iS #442) 
we hy G4 ox ey eZ 


= f(grad g) + g(grad f) 
V(fg) = f(¥g) + o(Vf) 


-a(e- ye io 41M) (12 J 
FL lox ex oy oy a ez)} 


/ 
= d [a(S rn) [es 242) 


x ay ez x ay ez 


= zlolared f)—f(grad g)] 


gamges 


Gradient as Surface Normal Vector 
The family of the surface given by 
fx y, z) = 
with various values of ¢ are called the level surfaces of the scalar function f. These surfaces are 
also called equipotential or iso surfaces e.g. isothermal surfaces. 
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The curve f(x,y) = f(%:.¥.) 


V f(Xa¥0) 


Fig. The gradient of a differentiable function of two variable at a point is always 
normal to the function's level curve through that point. 
Let r(t) = x(t)i+ y(t)j + z(t)k be a smooth curve on the level surface f(x, y, z) = c of a differentiable 
function f. Then 
fx(), y(t), 2(t)) = 
Differentiating both sides of w.r.t x, 


Atta, y(),2(0)] = fo = 


af dx | Af dy | a dz 


ax dt ay at azdt 


ae te ae) (dey dye deg 
al ae 7, Ee) 9 
= é az 6) (Sie ‘aa ) 


ds. F ‘ 
Hence Vf is orthogonal to all vectors a =f in the tangent plane, i.e. Vf is normal to the surface 


at every point along the curve. 


grad f f = constant 


Fig. 
The angle between any two surfaces of f(x, y, z) = c, and g(x, y, z) = c, is the angle between 
their corresponding normal given by Vf and Vg respectively. 


Let 8 be the angie between the two surfaces. Then 
__Vf-¥g 
Ivf l-1Va| 
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V, normal g(xy.2) = C, 
vg 
f(%y.2) = C, 
o 
The angle between two planes is 
obtained from the angle between 
their normals 
Fig. 


Theorem : A scalar point function f is constant iff grad f = 0 
Proof. Let f be a constant scalar point function, then 
af a a 


— =0,—=0,—=0 
ox oy 4 


OF OF 3 Ole 4 
grad f = ia ay * Rag =H) + HO) + (0) =0 
Conversely : Let grad f = 0, then 
gradf=0> oy tap O te) 
ox ey OZ 


> f is independent of x, y and z. 

> f is constant scalar point function. 

Hence f is a constant scalar point function <= Vf = 0. 
Operator a-V 

Ifa = aji+ aj + a,k, then the operator a-V is defined as : 


é . 8 é 
i— +aj— + ak— 
ox oy OZ 


ie. a-V = E(a-i)— = ta, — 
ie. ( On Lo 


Therefore if f is any scalar point function, then 


(evyt-(aid aid rake 
x ya! 
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. pois (a-ny 
= Vg (DG AWE 
a Gi of 
28 ee ay ae (1) 


+a, Fa, 
ox ay az (2) 


Thus from (1) and (2), we have (a-V)f = a-Vf 
Example : If f(x, y, z) = 3x’y - y°z? ; 
find the value of grad f at the point (1, -2, -1). 


a. @ é 
Solution. grad f = Vf = (ude KZ J(ory-v2" 


.é a) é 2, 3. 
=F (ax'y -y*2’)+ ig (Ox°y- y'2") +k (3x y-y°z’) 
= i(6xy) + j(3x? ~3y’z?) +k(-2y’z) 


= 6xyi+ (3x? - 3y?2”)j- 2y°zk 
Substituting x = 1, y = -2,2 = -1, 
grad f = 6(1)(-2)i + (3 — 3.4.1)j — 2(-8)(-1)k 
= -12i — 9j - 16k 
Example : if r = |r], where r = xi + yj + zk, prove that : 


1 C 
(a) gradr'= (b) grad (?) =-5 
(c) V(r) = f'(NVr (d) -Vf(r) xr =0 
(e) grad r™ = mre? r 
Solution. -- PP = x? + y? + 2? 
or® 2x => © _X 
ox ax fT 
erp ales k 
Similarly yr 


(a) grad r = Vr = 


Wigs a caae 
=—-(xi zk)=-r 
7 (1+ Wit 2k) 


iF 


ane Pe 
f is unit vector ie. f = 4 
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(b) 


(c) — vf(r)= iS the tks 
SASSI) 
=ir(n es j rnc «ro(Z} 
2 refi ine KZ] 


=f'(r)Vr 
(d) Earlier it has been proved that 


Vi(t) = F()V() and vr = 1, 
Vi(r) x r= [reeyse]xr=] 


-[@o-0 


Since axa@=|4]|.|alsinoh and the angle between same vector is zero so 
sin 6 = sin (0) = 0 


m apm m 
(e) grad m= Vr = je fall 
Ox oy 4 
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em i()u(2} «(3 


= mr? (xi + yj + zk) = mim 
Example : If a, b be any constant vectors and r = x i + yj + Zk; then prove that : 
(a) Via-n=a (b) Virabl=axb 
Solution. (a) Let a = a,i + aj + a,k, where a,, a,, a, are constants. 
Then arr = (a,i + aj + a,k) - (xi + yj + 2k) 
Fax+ay t+ az 


V(ar) 


é..8 é 
Erik ok \lanvay az) 


x 
= Bi (ax +,Y +a3Z) = i(a,) 


= i(a,) + j(a,) + k(a,) = ai + aj + ak 


=a. 

(b) = V[r ab] = V[r - (a x b)) [by notation] 
= V[r : Aj, where A = a ~ b is a constant vector. 
=VIA HEA [by (a)] 
=axb. 


Example: If u =x +y +z, v =x? + y? + z? and w = yz + 2x + xy prove that : 
(grad u) - {grad v x grad w} = 0 
éu 


Solution. From u=x+y+z, in Voce and 
x ey 


eu 
pie | 
fra 


au duu 

du = it jotke 

grad u a yt ag 
=i) +i) + KI) siti +k (1) 


Again from v = x? + y? + 27, ML 2x,™ ~2y and © - 22 
OX ey 4 


wad v= 14 jy bal 

7 ox lay ez 

= i(2x) + j(2y) + k(2z) = 2(xi + yj + 2k) ...(2) 
and from W = yZ + ZX + xy, 

My 2 Mozy and Maxey 

ox oy oz 

grad w = OM OM 

ox ey a4 


= ity + z) + (z+ x) + k(x + y) 
= (y+ Zi + (2 + xj + K+ yk (3) 
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Now from (1), (2) and (3), 
i j k 


(grad u):{(grad v) x (grad w)} =Qradu.| 2x 2y2z 
y+Z Z+x x+y 


=2 x +y)- 22 + Mi-2 a+ yt zy + Ait 2 K+ 2) - Wy t Dk 
Simplify the above equation, we will get 
=0 
Directional Derivative : Definition : 
Let f(x, y, 2) be a scalar point function in any region R and at any pint P(x, y, 2) of this region 


a be a unit vector in any direction. If Gs is a small distance from P in the direction a, then 


44 (R) ie. tim & 
ds 


0 Ag 


is called the directional derivative at the point P on the function f in the direction of a. 
If és is taken in the direction of x-axis, then this will be éx. 


af 
Hence 58 the directional derivative of f(x, y, 2) is the direction of x-axis. 
é 


Similarly & nd are the directional derivatives of f(x, y, Z) in the directions of y-axis and z- 
e 


of 
a 
axis respectively. 
Some theorem related to Directional Derivatives : 

Theorem : The directional derivative of a scalar field f at a given point P(x, y, z) in the direction 


of a unit vector 4 is given by : 


Proof. Let f(x, y, z) be a scalar point function in any region R and position vector of any point 
P(x, y, Z) in this region is r= xi + yj + zk. If the distance of the point P from a fixed point A in the direction 


of a be s, then és will represent a small distance at P in the direction 4. 
qr - , 7 esas e dr 
Hence all be a unit vector at point P in the direction of 4. Therefore ae =a 
But r= xi + yj + zk 


dr ax, dy, dzy 


i+ f+ 


ds ds dz ds 


: dx, dy, dz 
+k |] i+ j+ = 
ox cy ézj)i\ds ds ds 


[by (1)] 
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ihe, a dy ae af 
~ ox ds éyds éz ds ds 


= the directional derivative of f at point P in the direction of 4. 
Theorem : Vf (= grad f) is a vector normal to the surface f(x, y, z) = ¢ where c is a constant. 
Proof. Let P(x, y, 2) be a point on the surface f(x, y, z) = ¢ 
and Q(x + 8x, y + dy, Z + 82) be its neighbouring point on this surface. 
Let r= xi + yj + zk 
and or + dr = (x + 6x)i + (y + dy)j + (Zz + Sz)k 
which are the position vectors of P and Q respectively. 


Therefore PQ = dr = dxi+ dy j+ zk (1) 


When Q -> P, then the line PQ tend to the tangent at the point P on the given surface. 
Hence in the limiting position, (1) becomes 

dr = dx i+ dyj+dzk (2) 
which lies in the tangent plane at the point P on the surface. 
Again by Differential Calculus, 


= Vf: dr [by (2)] 
But f(x, y, z) = constant > df =0 
Hence Vf.dr = 0 = Vf perpendicular to the vector dr. 
> Vf is perpendicular to the tangent plane at P on the surface. 
[-; dr lies in the tangent plane at P on the surface.] 
= V fi.e., grad f is normal to the surface f(x, y, z) = c. 
Theorem : If fi be a unit vector normal to the level surface f(x, y, z) = ¢ at a point P in the 
direction of f increasing and n be the distance of P from a fixed point A in the direction of A, then. 


df. 
grad f = an 
Proof. By theorem grad f is normal to the plane f(x, y, z) = 
therefore 
grad f = 2A (1) 
where 4 is any constant. 
Again by theorem 


(grad f) - n= ~ (2) 
From (1) and (2), 
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Substituting the value of 4 in (1), 


a. 
grad f = in" 


Remark : |grad fl = IVfl = at 
on 


af 
Theorem : grad f is a vector in the direction in which the maximum value of Ge [directional 


derivative) occurs. 


Proof. We know that the directional derivative of f in the direction of a 


df 4 df.) . 
eo grad f)-a -(RA)s [by theorem] 


where @ is the angle between the vectors 4 and fi. 


af df 
Now since a is given, therefore the value of ‘ds depend on cos 0. 


df Pere nh 
Hence the value of ae will be maximum when @ = 0 i.e. when 4 is in the direction of fi i.e., when 


4 is in the direction of the normal to f. 


i.e. maximum directional derivative of f is in the direction of the normal to the plane and the value 


of the maximum directional derivative. 


=f -loraa fl. 


Vector equation of the Tangent plane : 


plane. 


The vector equation of the tangent plane to the surface f(x, y, z) = c. 

Let P(a, b, c) be a point in the given plane whose position vector is 

Therefore r, = ai + bj + ck 

Let Q(x, y, 2) be a point on the tangent plane at P whose position vector is r, therefore 
r= xi+ yj + zk 

then OP =r-1 =(x-a)i+(y—b)j+(z-c)k 


Now since 


is the direction of the normal to the plane and PQ is perpendicular to Vf being in the tangent 


(r-1):Vf=0 


which is the vector equation of the tangent plane to the surface at the point P. 
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Vector Equation of the Normal 
The vector equation of the normal to the surface f(x, y, z) = c. 
Take Q(x, y, Z) any point on the normal at the point P whose position vector is r, then PQ and 
Vf will be parallel, PQ being normal to the surface 
(I-1)x Vf =0 
which is the vector equation of the normal to the surface at P. 


Example : Find the directional derivative of f = xy + yz + zx in the direction of the vector i + 2) 
+ 2k at the point (1, 2, 0) 


Solution. Here @ = xy + yz + zx 


Vo= Ft 
mx Oy a 


-iZ(y HyE+ ER) LOY +ye+ an) tk Dy +YZ+ 2X) 


= iy + z) + j(z +x) + kX + y) = (y + Zi + (2 +”) + (K+ YK 
At the point (1, 2, 0). 


Vo = (2 + Oi + (0 + 1)j + (1 + 2)k = 2+] + 3k (1) 
Again if 4 is the unit vector in the direction of the vector i + 2j + 2k 
.  i+2j+2k 1, 2. 
@ = = 5 (i+ 2i+ 2k 
(+444) 3 ) ---(2) 


Therefore the required directional derivative = (Vq)-a 


=(2+4+3k)-2(0 +2) 42k) 


1 
=5(2+2+6) (by (1) and (2)] 
10 
“3 
y 
Example : For the function f = x+y? ; find the magnitude of the directional derivative making 


an angle 30° with the positive x-axis at the point (0, 1). 
Solution. f = y/(x? + y’) 


aif ral y Jon y } 


xix ey’ oy le+y? azkx+y? 
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Again if a is the unit vector which makes an angle 30° with the positive direction to x-axis at the 
point (0, 1), then 


a = (c0830°)i+ (sin30"))= 22+ 3 


Required directional derivative = (Vf)-a 


--{Srh) [by (1) and (2)] 
vel, 
2 


Example : Find the angle between the surface x? + y? + z? = 9 and z = x? + y? — 3 at the point 
(2, -1, 2). 
Solution. Let f(x, y,z) =x + y?+2-9=0 
o% y, ZJ=aexrty?-z-3=0 


grad f = Vf = Af hy co 
x ey ez 
= 2xi + 2yj + 2zk 
Therefore at the point (2, -1, 2), grad f = 4i - 2) + 4k (1) 
Again grad ve iB faa Pas 
gain grad @ = Vo iy tee 
= 2xi + 2yj -— 
At the (2, -1, 2), grad f = 4i- 2j-k ...(2) 


Now since grad f is in the direction of the normal tot he surface f(x, y, z), therefore at the point 
(2, -1, 2), the angle between the surfaces f(x, y, 2) and 4(x, y, z) is the angle between grad f and grad 
q. If this angle is 6, then 
(grad f)-(grad) (41-2) + 4k)-(4i-2j-k) 
/ fgred fijgrad ff(16 +4 +16) (16+ 4+1) 


_16+4-4_ 8v21 


“ey21 «63 


| 


Therefore the required angle = cos (5 


Example : Find the direction and magnitude of maximum directional derivative of f = x? y z? at 
the point (2, 1, -1). 


Solution. The directional derivative of any scalar point function at any point is maximum in the 
direction of the gradient. 


But grad f = Vf = 1S (reve!) +i (eye) hE (x'y2') 


= (2xyz9)i + (x229)j + (3x’y 2k 
At the point (2, 1, -1), grad f = -4i- 4) + 12k 

Theretora the direction of the maximum directional derivative at the point (2, 1, -1) 
= -4i - 4j + 12k 
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Again the magnitude of the directional derivative at the point (2, 1, -1) 
= grad fl 


Example : Find a unit vector normal to the surface x? y + 2xz = 4 at the point (2, -2, 3). 
Solution. Let f(x, y, z) = x?y + 2xz- 4 
We know that grad f is a vector in the direction of normal at the point (x, y, z) to the surface 
f(y, 2) = 
(2 a 
grad f = Vf = (igri ake ac y+ 2xz-4) 
= (2xy + 2z)i + x7] + 2xk 
At point (2, -2, 3), grad f = -2i + 4j + 4k 
Therefore -2i + 4j + 4k is a vector in the direction of normal at the point (2, -2, 3) on the given 
surface. Therefore unit vector at the point (2, -2, 3) normal to the surface. 
_ -2is4je4k 1 


= (i+ 2j+2k 
(4+16+16) 3 e228) 


Example : Find the equations of the tangent plane and the normal to the surface xyz = 4 at the 
point (1, 2, 2). 
Solution. The given surface f(x, y, z) = xyz - 4 
Let co-ordinates of any point on the surface f be (x, y, z) and position vector be r. If r, be the 
Position vector of the point (1, 2, 2), then 
t= 1, = (xi + yj + zk) - (i + 2j + 2k) 
= (x- 1i+ (Y- 2) + Z- 2)k 
Again grad f = Vf = Fj S Se yzi+xzj+xyk 
At the point (1, 2, 2), grad f = 4i + 2j + 2k 


The equation of the tangent plane at (1, 2, 2) 
(r-1,):grad f = 0 

> {(x - 1)i + (y — 2)j + (2 — 2)k} - (41 + 2j + 2k) = 0 

> A(x — 1) + Aly — 2) + 2Az- 2) =0 

> xty+z=6 

Again equation of the normal at the point (1, 2, 2) 
('—4,) * grad f = 0 

= {(x - 1)i + (y — 2)j + (2 — 2)k} * (41 + 2) + 2k) = 0 


i j k 
> x-1 y-2 z-2/=0 
4 2 2 
> (y - 2)i + (22 -x- 3) + (K- 2y + 3)k=0 
> y-2=0=2z2-x-3=x-2y+3 
x+3 
> =y=z 
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Definition : If f(x, y, Z) is a continuous and differentiable vector point function, then the divergence 
of f is expressed as div f or V-f and defined as 


-@ 4 
iv f= vf = [i+ jC+k 
div f f (g-i8 


. Of 
Therefore V «f= Di .7 


From the definition it is clear that the divergence of the vector point function is a scalar point 
function 


If the divergence of any vector f is zero i.e., if 
divf=Vf=0 
then this is called solenoidal vector. 
Remark : V-f # f-V, because f - V is an operator and not a vector. 
Theorems on Divergence 
Theorem : If f(x, y, Z) be a continuous differentiable vector point function and f = f,i + fj + fk, 


eves yh 
then df= VIS Stat ae 


Proof. -- f = fi + fj + f,«, Therefore by definition, 


dv fever tH 
x Oy ez 


ex eX” OK 


ox ey 62 


Theorem : If f and g be two differentiable vector point functions; 
then div(f + g) = divf+divg 

ie, Wit g)=VE+ Vg 

Proof. div(f + g) = V-(f + g) 


=i 2 (f+9) +52 (f+9)+k- Z(t +9) 
x a az 


(8 + %).1($ + #).(2 a } 
KX ao yy eZ eZ 
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aVitveg 

= div f+divg 
Theorem: If a is constant vector, then div a = 0. 
Proof. -- a is a constant vector, 


Hence div a = V-a = 


=0+0+0=0 
Example : If f = xy’i + 2x? yz j - 3yz’k ; find div f at the point (1, -1, 1). 
Solution. div f = V-f 


= y? + 2x°2 - 6yz 
At the point (1, -1, 1), dvf=1+2+6=9, 
Example : if f = xy sin zi + y? sin x j + 2? sin xy k, 


11 
then find V - f at}Qon=z]. 
en find rat 3*5") 


Solution. V - f = (c+ Sok} sin zi+ y’ sinxj+2z’ sinxy k) 


é . Ca é 
=—(xy sin z)+— sinx)+— 
ey al ) - 


= sin xy) 


=ysinz+2y sin x + 2z sin xy 
At the point (0.542), v-f-2+0+0-5 
sic Nar ar iy 2 


Example : If f = (ax + 3y + 4z)i + (x — 2y + 3z)i + (3x + 2y — z)k is a solenoidal vector, find a. 
Solution. Since f is a solenoidal vector, therefore V-f = 0 


2.2 ,a 
2 j2nZ)te0 
ad (Sud 3) 


= FylOK +BY +42) +S (Dy + 92) +5 (9x4 2x-2) =0 


> a-2-1=0 >a=3 


517 
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Example : If r = xi + yj + zk, prove that : 
wee ce t 

(a) dvr=3 (b) div f= 7 (c) div (5) =0 

Solution. (a) div r = V-r = jepeee Ke +(xi+ yj+ 2k) 
: ox ey ez 


(b) 


i—+j—+ = 


mx “by eh 


alt) alr) eli) 
=—|—|+—]—]+—] = 
exter) ayle} azkr 


(: aa x2) (Ses) 


2) (ene) 


é 
& eC 


(x), Ofy), (2 
atgeta eats 


-[£_ 3x er], [1 _3y ee] [1_3za 
Porexl te rey} le rez 


SiS Ke BYY, 2822: 


ae ee ee 
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Example : If r = xi + yj + zk and r = Irl; prove that : 
div rr = (n + 3)r° 

Hence show that rr will be solenoidal, if n = -3 

Solution. div r= Vert 


é 
Bete yuck 
o\r (xi+ yj+ zk) 


6 fn, we Bx 
=a" X)+ar( y+ z) 
-(° oe +xnr"" sl ) r oy +ynr" 2S + G ee + ane" =) 
Ox ex ey ey dz Oz 


-(r +nxr" 2) .{r +nyr*" Y).(" +n" =) fe 
r r r L 


= 3m + nr? (x? + y? + 2%) 

= 3r + nr? (r’) = (n + 3) 
Again rr will be solenoidal, if div mr = 0 
> (n + 3)" =0 


> n+3=0 (2 120] 
> =-3 
Example : If a is a constant vector and r = xi + yj + zk; prove that : 
Ver x ay=0 
Solution. Let a = a,i + aj + a,k, then 
i j ok 
Txa=|x yo Zz 
ja, 8, 


= (ay — a2) + j(a,z — ax) + k(ax — ay) 


,6 ..é a 
viraa)=[iSnj Ss 2) Way — az) + j(a,z - a,x) + k(a,x — ay)] 


é é é 
- E(0,y~0,2)+<(a2-a,x) + F(a,x-ay) 


=0+0+0=0 
Aliter : 


div(r+a)=21-S(rxa)=th, TxasrxS] 
a \3 a 


=XifixatrxO] 


=Zi-(ixa) = [iia] 
=ro0=0 
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Example : If r = xi + yj + zk and r = rl; prove that : 
av {9,)_ {Tt] 
t C aa 


Solution. div (2. )- vl, 


pes stP-ac| 


zlr 


=/40 4% x er) )-tn)| 


3f(r) x+y? 427 


£0, OEE ter ()-1(0)} 


0, ? au 


aie (1)-f(r)} = + f(r) 


=x[2rt(e) Jer 'rN]=5 [Ft] 


Boniact Us 2. Websile.www.eduncle.com.Lmalesuppont 


peor 
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5. CURL OF A VECTOR POINT FUNCTION 


Definition : If f(x, y, Z) is a continuous and differentiable vector point function, then the curl of 
f is expressed as curl f or V x f and defined as 


eves (iSejeake lat 
culf=V xf ax hay ee )* 


a 


of 
six 4 jx tke S 
x 


of 
Therefore Vx f=Vix & 
Ox 


From the definition it is clear that the curl a vector point function is vector. 
Irrotational Vector : If the curl of any vector f is zero vector, i.e. if 
culf=Vxf=0 
Then this is called an irrotational vector. 
Theorems on Curl 
Theorem : If f = f,i + f,j + f,k is a differential vector point function, then 


ij k 

66 6 _&), A )i fof, _ of 
curl f = [ox dy ae ax }!* ax” ay JR 

ff 


4 


Proof. By definition, 


curl f = Vib ate hy je Foe A 
Ox 


faa fa4 


O an ee it SO iy ae Orin. ee 
x St +E ti * abit Ht IW tk Oi + ti + 6) 


fo, Oh Oh (a, of. ay) (Ai, aj +x) 
wix( Shi js Bae + jx wl ata yt +kx “Cal Zz itak 


ex a) 


(88-9) 
ver 
ey zz ex 


Remark : The above relation can be written in the determinant form as 


}(-4 Ay, Me 


i jk 
a0 6 
culf=vxf=|— © £ 
ox ey a 


fk & 
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20 


ce 
It should be kept in mind that the operators 5, x! Oy’ OZ be written before the functions f,, f,, f,. 


Theorem : If f and g be two differentiable vector point functions, then : 
curl(f + g) = curl f + curlg 
ie, Vx i+ g)=(V xf) +(V +9) 


Proof. curi(f + g) = Zi * J (t4g)=2in] 4 
Ox @ 


ati F sri 
OK é 
= curl f + curl g 
Vif +9) = (V xf) +(V xg) 
Theorem : If a is a constant vector, then : 
cula=Vxa=0 
Proof. -; a is a constant vector, 


9 8 
ox oy 
Hence V x a=ix £24), 68 44,08 
ox oy a 
=0+0+0-=0 
Example : If f = xy’i + 2x’yz j - 3 yz’k; find the value of curl at the point (1, -1, 1). 
i j k 
Solution. culf=vxf=|2 2 wo 
ox x oz 
xy? 2x’yz_ -3yz? 
8 (_3yz? 2 2)! 
= ~3yz’ 2x?yz [Zo ‘yz’ i+] | 2x?yz xy’) ik 
[St-o)-( ~Z(-a92)]i+| Zee), 


=(-3z? - 2x?y)i + (4xyz — 2xy)k 

At the point (1, -1, 1) 

curl f = (-3 + 2)i + (4 + 2)k = 4 — 2k. 
Example : If f = (x+y + 1)i+j+(Cx-y)k; 
Prove that : f - curl f=0 


i j k 

é é a 

Solution. curl f= Vx f=] = We aE. 
K+y+1 1 (x+y) 


= (Ai + i+ Ck = A t+j-k 

fe cul f=[x+y+ it j+Cx- yk] t+j-k) 
= (x + y + 1)C1) + (1)(1) + (x — y-1) 
=-x-y-1+1+x+y=0. 
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Example : If V = V(x? + y? + z? - 3xyz); find the following : 
(a) div V (b) curl V 
Solution. V = V(x? + y? + z? — 3xyz) 
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é ; 
=L(e +yi+2? ~ xyz) = Ei(3x? ~3yz) 
= 3(x? — yz)i + By? — zx)j + 3(z? — xy)k 
(a) dvV=V-V 


8 é 
5 3(x? — yz) + ay 3(y? -— zx) + aye - 


= 6x + 6y + 6z = 6(x + y + Z) 


i j k 
a ce ie. 
(b)  culV=VxV= ox oy Oz 


I3(x*-yz) 3(y?-zx) 3(z*-xy} 
=3r| Se Py)-Z (ya) 


= 35(-x + x)i = 350 = 0 
Example : If f = e (i + j + k); find curl f. 


i j k 

Solution. culf=vxf=|& 2 & 
ox Ry az 

le" e% ee 


=[5ler- Sle) fler)-Rler) 4 


= em [x(z — yi + yx - 2 + 2(y — XK] 
Example : Prove that the following vector is irrational : 
f = (sin y + 2)i + (x cos y — z)j + (x — y)k 


i j k 
a 2 2 
Solution. We know that curl f = V x f = x vy iz 


siny+zZ xcosy-zZ x-y| 


< (siny +2)-2 ate jis [ Sxcosy- 2)-S( siny +2) k 


(x-y)-2 (xeosy-2) + 


= (1 + 1) + (1 - 1)i + (Cos y - cos y)k 
=0 


Therefore f is an irrotational vector. 
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Example : If (xyz)® (x*i+y*j+z*k) is a irrotational vector, then prove that either b = 0 or a = -1. 
Solution. Let f be the given vector, then 


i j k 
e 2 2@ 
culf=Vxf=| ox eo o 


| 


pe (xyz)? y* (xyz) 2* (xyz) 


é *\ 
=i £ ( byboacb © / bva-bob 
Tayler? 4 (x*y 2) 
2 xi[b xdyetzerd bry] 


= b(xyz)> Ei(z* y* — y* Zz") 


(xyz)? af") 


sent A) 


Now f is irrotational vector = curl f = 0 
which is possible, when 
(xyz)? = 0 or, Zz) — yet = 0 = xett zt = yor att 
ie. whenb=0 of a+1=O0>a=-1 
Example : If r = xi = yj + Zk and a is any constant vector ; then prove that : 


axr a 3(a‘t) 
ae, ap c 
r 


curl: + 
r 7 


Solution. Let a = a,i + aj + a,k, then 


ij k 

axr 1 
a a 
y z 


=4[laz-ay)i +(a,x-a,2)j+(ay-a,x)k] 


oxi] 2(ay—ax) 2 
oy ef 4 


-»/8 3(ay - a,x) or a, 3(a,x-a,z) 2] 


e rf yr rf ez 
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=i 


=i 


=ti 


3 a 
= (att a 


Some Important Vector identities 
div(u a) = u- diva+a- gradu 


Identity |: 


+3 (ax + ayy’ +a,xz—a,z” ) 


4 3x(@.x+ a, y+a,z)_ 3a,(x?+y* +27) 


[ 2a, 


ra 


r 


3 


re 


3 


a 


a-r)(xi+ yj+zk)— 


eo 
P 


fa 


aji+aj+a,k 
=e ome 


3(a-r) 
5 


or, V-(u a) = u(V-a) + a-(V u) 


= u(V-a) + (a-V)u 


Proof. By definition of divergence, 


= (Vu)-a + u(V-a) = u(V-a) + a-(Vu) 


Identity Il: 


curl(u a) = (grad u) x aucurla 


or Vx (ua) = (Vu) x at u(V x a) 


Proof. curl(u a) = V * (u a) 


oO Hel é 
sixe tu a)+ixa (tu a)+kx (uy a) 


six 2 (ua)=3/ x (2 


éa\} 


ners) | 


c 


- 3x(arr) =| eg a 


3 


“2 a + (nb) = (na) - 


b = n(a- b)] 
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(eu. . 6a 
= (2) a] +su{n22} [-- a x (nb) = (na) * b = n(a x b)} 


-[2Si)xaur(in22) 
ox | x 

= (Vu) x a + u(V * a) 
Identity Ill: div (a « b) = b-curl a - a-curl b 
or, V-(a * b) = b-(V * a) -— a(V x b) 
Proof. div (a x b) = V-(a * b) 


6 xa fax 
ale GDA xb) tk rite b) 


P : 
=t S(ax)]-s[i(Sene a2] 
Ox ox OK 


f_é (a 
=3|/ 2} | a 2) a] 
Lo &x L & 


= (V x a)-b— (V = b)-a 

=b(V x a) -a(V x b) 
Identity IV : curl (a * b) = (b-V)a — b div a — (a-V)b + a div b 
or, Vv x (a * b) = (b-V)a — b(V-a) — (a-V)b + a(V-b) 
Proof. curl(a x b) = V x (a x b) 


aix 2 (axb)+jx£(axb)+kx£(axb) 
Ox ey lara 
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= (V-b)a — (a-V)b + (b-V)a - (V-a)b 

= (b-V)a — b(V-a) - (a-V)b + a(V-a) 
Particularly, when a is a constant vector, then 

V * (a « b) = a(V-b) - (a-V)b 
Identity V : grad(a-b) = (b-V)a + (a-V)b + b x curl a + a x curl b 
or, V(a-b) = (b-V)a + (a-V)b + b x (V x a) tax (V x b) 
Proof. grad(a-b) = V(a-b) 


(1) 

.. By vector triple product, a x (b x c) = (a-c)b — (a‘b)c 
> (a:b)c = (a-c)b -— a * (b * c) 
> 

-[o2id fp vaxs[ix 2) 

Ox ex 

= (a-V)b + a x (V x b) (2) 

Similarly, £|(o-2)i]-(o-v)a+dx(v2a) (3) 


Substituting the values from (2) and (3) in (1), 
gtad(a-b) = (a-V)b + a x (V x b) x (b-V)a + b & (V * a) 
= (b-V)a + (a-V)b + bx (V x a) ta (V x b) 
Second order differential function 
We know that for any scalar point function 6, grad 4 is a vector point function and for any vector 
point function f, div f is a scalar point function and curl f is a vector point function. Now since grad@ and 
curl f are vector functions, therefore their divergence and curl may exist 
Similarly, div f is a scalar function therefore gradient can be determined. Thus we can find 
(div(grad »), curl(grad 4), div(curl f), curl(curl f) and grad(div f) which are called double order 
differentiable functions. 
Property 1: div grad » = V7 
Proof. div grado = V-(Vd) 
(iS 1S +xZ} (1 His Se) 
ox ey ezjlex ey ez 
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= V% 
Remark : Laplacian operator V?: 


e # # 

On oy? a 

is called Laplacian operator and is equal to equal to V-V by property 1. 
Vp = (V-V)b = V-(Vo) 

This can be easily seen that 
Vig = 0 => V4, = 0, V%, = 0, V%, = 

Property 2 : curl grad u = 0 = V x (V u) 

i.e. the curl of the gradient of a scalar function u is zero. 


The operator V? = 


Proof. -: 


i jk 
2 2 2 

ox Oy OZ 

eu a au 

ex Oy 62 

fu @u)\ (@u Mu). ( u 

=|= oe Bate tapieneeng <3 

eyez = Ozcy OZOX — OXEZ Oxy 
= Oi + Oj + Ok =0 


Property 3: div curl a = 0 = V-(V * a) 
i.e. the divergence of curl of any vector a is zero. 
Proof. Let a = ai + aj + a,k, then 


ij k 
‘ 3 
culasvxasl[i 2 4 
Ox by OZ 
a a, a; 


_{ 23 _ 2a, (4S éa, \ i+ da, _ 8 \y 
oy az or4 x ox oy 


div curl a = V-(V = a) = (‘Gig +S} (Vxa) 
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ay i {@as_@@))_y 
oxlay 


_#a, @a, " aa, aa, + Ga, aa, 
Oxdy OxGZ = Cyoz Gyox G2EK Eze 


wa 
Property 4 : curl curl a = grad div a -l> 


ie, Vx(Vxa)=V(V-a)-VWa 
Proof. Let a = a,i + a,j + a,k, then 


ij k 
a6 @ 
vxa=|o £ £ 
ox oy a2! 
a a a 
(083 _ @a, j(S-S i+ (222 _ 2a k 
oy ez az xy) Vx oe 
i j k 
a a a 
Vx(Vxa)= ie a 7 


a, aa, \]. 
+ 3 t 
oy?" az 


=V(V-a)-V’a 
Example : Prove that : 


(@V)a=3v a’ -ax(Vxa), where a? =|a?? 
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({, éa 
Solution. a x (V x a) =a x Lae 


1 
(a- V)a = qv — a (V x a) (By transposition) 
Integration of Vectors 


Let f(t) be a finite, single valued and continuous vector function of the single scalar variable t, then 
the vector function of t, which when differentiated wri t gives f(t) i.e. a vector function F(t) exist such that 
its differentiation wrt t. 


SF«0) =f(t) 


then F(t) is called the integral of vector function f(t) wrt t. 
In the symbolic form, 


: F(t) | 
e SO. 
then fi(tdt=F(t), (1) 


Here the vector function f(t) is called the integrand. 
Vector constant of integration : 


qd 
i art) =f, then Ji(t)dt=F(t)+e, 
where the constant vector c is called the arbitrary constant vector of integration. 


Proof. Sr(y=t(t) (1) 


FIF(t)+e]=SF(t) 7) 


=F (y+o [-- ¢ is a constant vector] 
= f(t) [by (1)] 


Therefore by definition, 


Jf(t)dt=F(t)+e, 


where the constant vector c is called the arbitrary constant vector of integration. 
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This constant vector of integration is determined by the initial conditions or geometrical conditions. 

Indefinite Integral : Since in F(t) + c, ¢ is an indefinite constant vector, therefore this is called 
an indefinite integral of f(t) wrt t. 

Theorem : if f(t) = f,(t)i + £,(0j + f,(t)k is a vector function of single function t, where f,(t), £,(t) 
and f,(t) are continuous in a particular region, 


then ff (t)at=iff,(t)dt + iff, (tat + kff, (Kyat 


Proof. Let F(t) = iffi(t)dt+ jff,()dt+kff,(tat 


such thet SF (*)=f(t) (1) 
then F(t)=ff(t)at (2) 
Now by (1), 


Sr (this Fathi Fa (1K) =f (Hitt (Di+6 (Dk 


d id ed 
qr WitGhWi+gk 


(tk =f, (thi+ f (t)i+f, (Ok 
Comparing the coefficients of i, j and k, 

, (=): SRQ=f (0; SH()=6(0) 

t)=ffi(t)dt, F(t)=ff,(t)dt; F, (t)= ff, (tal 
Therefore by (2), 

JFi(that i+ ft, (that j+ ff, (that k = fr(njdt 


Hence to integrate a vector function, its components are integrated. 
Some important results on integration 

If {() and o(t) are two continuous differential vector functions of scalar variable t expressed by 
f and 9, then with the help of Differential Calculus, their corresponding integrals can also be easily 
derived : 


WW (rteog Giat=toee 


By differentiation, we have 


Now by definition, the required result is obtained. 


Th) [ar gla-r+e 


Taking f = 4 in |, ; 
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WW 


Oi) 


OJ 


Th] 


(-¢ Met aa ff+e 


which gives the required result. 


2X an() v0 
dt dt dt 


df 
Replacing f by a in |, 


df df. df df fy 
J dt =—-— +¢= +c 
dt dt dt dt at 


(2 ig latatxoee 
By differentiation, we have 
df 


Megatv eta ee 
qxaaieg ane 


Therefore by definition, fir x $ + a. oa =fxo+e 
if 


(qe =axf-+c, where a is a constant vector. 


If a is a constant vector, then by differentiation, 


sa = Bateand 
df da 
=ax— Seo 
ax [: So] 
Now by definition fafa =axfxe 
dt 
[(-Fa-rg xtre 
By differentiation, we have 
4 ot) _ of df sg df 
att at) at dt at 
af _ of df 
sixia [: ad o| 
2, 
Now by differentiation, i} fea ata=fxtee 
dt dt 
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ith) ((E32-FBe]or-aee, 
where 4 is a unit vector in the direction of a and lal = a. 


We know that 4=2 
a 


day 9(8)_1da_ da 
Therefore ata d (2)- F aa 
Now by definition, 


f aida’. “gee dt=a+c 
adt a’ dt} | 

Remark : If the integrand is scalar (dot product) then the constant of integration is a scalar and 
if the integrand is vector (cross product) then the constant of integration is a vector. 


Definite Integral : Definition : 

f Jf(t)dt= F(t), then F(b)- F(a) 

is called definite integral of f(t) between the limits t = a and t = b. 
and is written as Pecan 

te, P'T(that=[F(t)f =F(b)- F(a). 

Example : Find : Je(tyar, where f(t) = (t - ti + 2t®j - 3k 
Solution. Here the integral fee -U)i+ 20) - 3k} dt 


=if(t-t ats jf2e dt-k{3dt 
-(3e ~fe Jie deiat k+o, 
2 3 2 
where c= ci + cj + ck. 
Example : if r(t) = ti-@j+(t-1)k and s(t) = 2t?i + 6t k, then find the value of : 


5 F 

(a2) [,(rs)at () — [P(rxs)at 

Solution. (a) r- s = {ti - tj + (t— 1)k) - {2t? i + 6t kK) = 2t- 22-21 + 2 + 12t 
= 218 + 68 — 6 


Therefore [.(r-s)dt = f° (2t? + 6t? -6t)at 


‘ 
-[}+2°-3°] =8+16-12=12 
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i j k 
(b) orxs =(ti-@j + (t— 1k} « (2Pi+ Gtk} =| t -? t-4 
2° 0 ét 


= (-6t3 i + 2t%(t — 4)j + 2t¢ k} 
Therefore fr (rxs)dt= f° {-6t%i+ 2(t? - At )i+ 2t “k\ dt 
eheeP eh 
=-241- 2), Se 
Example : If r(t) = ti - 3j + 2t k; s(t) =i - 2j + 2k and v(t) = 3) + tj - k; then find the value of 
[r-(sxvjat 


Solution. s x v = (i — 2j + 2k) = (31 + tj - k) 
= (2 — 2tji + 7j + (t + 6)k 

and or-(s*v)=(ti-3j+ 2tk) - {((2—- 2t)i + 7j + (t + 6)k} 
= 14t - 


Now  [’r-(sxv)dt= f’(14t-21)dt 


= [70-20] =-14+14=0 


Example : If r(t) = 2i-j + 2k, when t = 2 
= 4i — 2] + 3k whent = 3 


show that if ("- $ Jat=10 


Solution. From the standard formulae of integrals, we have 


(fe 3" +c 
thse fel 


= F[F? (when t=3)-17(when t= 2)] (1) 


when t= 3 thenr = 4i - 2j + 3k 
and =? = (4i — 2j + 3k)-(4i — 2j + 3k) 
=164+44+9=29 ...(2) 
Again when t = 2 then rf = 2i -j + 2k 
and = (2) -—j + 2k)-(2i - j + 2k) 
=4414+4=9 3) 
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Therefore from (1), Ga =3[29-9] [by (2) and (3)] 


1 
=—(20)=10 
+ (20) 
: 


dr 
Example : Integrate : ao 


Solution. Since r is not known in terms of t on RHS, therefore it can not be integrated. 
dr 
Scalar multiplication on both sides by carr 


dr dr dr 
ae = -2n' — 
dt ‘dt? dt 
Now integrating both sides wrt t, 
2 
f See at =n? far Nat 
dt dt dt 
Using the earlier results. We have 
dr? 27p\2 
—| =n’ (r+, 
($) <0) 
where c is a scalar constant. 
Example : Find the value of r from the equation 
ar =a+tb 
dt? 
Given that : a and b are constant vectors and when t = 0, r = dr/dt = 0 
Solution. Working method : 
Te Solve the given equation treating vector variable as scalar variable. 
2. Replace arbitrary scalars constants by arbitrary vector constants. 


The given equation is 


@r 
at tb -(1) 
Integrating both sides wrt t, 
Saat + pb +e (2) 
Again integrating wrt t, 
ratat? + db scted (3) 
2 6 me 
Replacing scalar constants by vector constants in (2) and (3), 
nats ibt? +c (4) 
and r=tat? +b seed (5) 
2 6 


dr 
By the given condition, when t = 0 then r = 0 and rs 


‘s 
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Therefore by (4), 
c=Oandd=0 


1 1 
Therefore the required solution is r = ga + ras 
Example : The acceleration of a particle at any time t > 0 is given by : 
dv 
a= = 12 cos 2ti- 8 sin 2tj + 16tk 


If the velocity v and displacement r are zero at t = 0; find v and r at any time. 


d 
Solution. By the given problem oe 12 cos 2ti- 8 sin 2tj + 16tk 


Integrating, v = if12 cos 2t at— j[8 sin 2t dt-+k{16t dt 


or v=6sin 2ti+ 4 cos 2tj + 8@k+c (1) 
Initial condition, when t = 0, then v = 0 
Therefore 0 = Oi + 4) + Ok+c => c=-4j 
Hence from (1) the required velocity, 
v= 6 sin 2ti+ (4 cos 2t — 4)j + 8t? k (2) 


Again integration (1), 


r=if6 sin 2t dt-+ 4j[(cos 2t-1)dt+ 8k [tat 


= -3 cos 2ti + 2(sin 2t - 2t)j +e k+d (3) 


Initial condition, when t = 0, then r = 0 
Therefore 0 = —3i + Oj + Ok +d > d = 3 
Therefore replacing from (3), the required 


3 cos 2ti + 2sin 2t— 2t)j + $Pk + 3i 


8 
= 3(1 - cos 2t)i + 2(sin 2t - 20j + fe k 
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6. LINE INTEGRAL 


Definition : The integral obtained along any curve is called the line integral. 


Let position vector of any point P on the curve C be r whose equation is r = f(t), where f(t) is the 
continuous and differential function. 


. _ OF 
The unit vector function along the tangent at any point P on the curve is ‘de 
Let F(r) be a continuous vector point function. Now if the component of the vector function F(r) 


dr dr 
along the tangent at the point P be F(r) - ds. and the integral of F(r): wee f.fro-£] ds or JFen-ar 


is called the line integral of the vector function F(r) on the curve C. 
Cartesian form of Line Integral 

Let FD = Fi + FC) + FA(Dk 

and dr = dx-i + dy:j + dz-k, where r = xi + yj + zk 


Therefore fi F(r)-dr = fi (Fit F,j+F,k)-(idx + jdy + kdz) 


or fi. F-dr= J (Fidx +F,dy +F,dz) 


Circulation 

Definition : The integral of the vector F along any closed curve i.e. c is called the circulation of 
F around the closed curve C. 

If the circulation of a vector point function in any region is equal to zero around every closed curve 
in that region, then that vector is called the Irretational vector, 
Work done by a Force 

Suppose a force F is a acting at a point and displaces it from a point A along the curve C. Let 
t be the position vector of the point A. 


dr 
Since ds is the unit vector along the tangent at the point A in the direction s increasing, therefore 


dr 
the component of F along the tangent at the point A = F- ds 


Therefore the work done by F at C on the curve during the small displacement 
\ 
a-(rt 'ds =F-dr 
ds } 
Therefore total work done by F = f,F-ar 


Remark : If the path of integration is a closed curve, we write $ instead of f 
t c 


Example: Evaluate : [.F-dr, where F = (x? + y’)i + xyj and C is the curve y = x? is xy-plane from 


(0, 0) to (3, 9). 
Solution. For the curve C, the values of x varies from 0 to 3 and the values of y varies from 0 
to 9. Therefore 
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fFrdr =f f(x? ty? jit xy ij “(idx +j dy) {er = xi +t yi) 
=f[(e + y’)dx +Ky dy] 

= f(x? +y?)dx+ [xy dy 


3 
= ijt + xt) + f° yay {- y= 
[le lel .[2ys27 

Fai a ad ea 


=|9+243],[2-43 
5 | 15 


= 24s +243 + 486] = was 
5 5 
Example : Evaluate [Fear where F = xy i + yzj + zx k and C is the curve r = ti + t?j + tk, 


t varying form -1 to +1. 
Solution. Around the curve C 


r= xi + yj + 2k (1) 
Here r=ti+ tj + tk (2) 
From (1) and (2), 

x=ty=0 and z=? (3) 
From (2), f. i+ 2tj+ 3k (4) 


Now [Fors [.(F-Ela 


= [, {ovis yzi+zxk)-(i+ 2t) +30? k)} at [by (4)] 

= [, {(Bi +t f+ tk) (i+ 2tj+3t?k)} dt [by (3)] 
7 tf 25.3 0 

=fi(e +20 sarjar-[ Es 2e Se Pa 


Example : Evaluate : j.Fear, 


where F = zi + xj + yk, C is the arc of the curve r= costi+ sintj+tk fromt=0tot = 2x 
Solution. From the equation of the curve, 

dr = -sintit+costj+k 
The parametric equations of the curve 

x=cost,y=sint,z=t (1) 
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f.Frar =f, (zi+ xi+ yk)-(-sinti+cost j+k)dt 
= [.(-zsint+ xcost +y)dt 
= [f" (-tsint + cos? t+ sint) at [by (1)] 
1A bi 
= (teost—sint) «(31+ Fsin2t}--(-cost) 
2 4 A 
=2n+nx-1+12= 30 
Example : Evaluate : J.Fdr. 
where F = C[-3asindcoso i + a(2sin@-3sin’ @)j+b sin 20k] and the curve C, 


T=acosdi+asinoj+bek .where @ varies from 7/4 to x/2. 
Solution. [.F-dr =f FA ge 
" Je “de de 


Given [=acosei+asino] + bok 


St __asingi+ acosej +bk 
do 
rf - C[3a? sin’?@ cos@ + a%(2 sin@ cos@ — 3 sin’?0 cos®) + b? sin 26] 


= C[3a? sin?@ cos6 + a? 2sin@ cos@ — 3a? sin? cos@ + b? sin 26] 
= C(a? + b’) sin 20 


[,F-dt = f°? c(@? +b*)sin 20 ao 


22 
=C(a <p" [-22822] =C(a? +b?) 
ee 


Example : Evaluate : f F-dr, where F = (x? + y*)i — 2xy j and curve C is the rectangle in the xy 


plane bounded by x = 0,x=a,y=0,y=b 
Solution. In xy plane, z= 0, therefore r= xi + yj 
dr = dxi+ dyj 


Now [F-dr=f {(x?+y?)i-2xy j}-(dxi+dy i) 


=f {(e +y?)dx -2xy dy} 


According to the question, the path of integration C is the rectangle OABC formed by the given 
straight lines. 
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(0,b: B(o,0) 


O} (0,0) A(0,0) 
Fig. 
(a) On the side OA of the rectangle y = 0 = dy = 0 and the limit of x is 0 to a. 
Therefore along the side OA of the rectangle, 


[,Frdr=[[xedx=Le (1) 


(b) Similarly along the side AB of the rectangle 
k=a> d&=OQy=Oy=b) 


. 1 
[,F-or=[[(-2ay)dy =-2a-5b* =~ab? (2) 


(c) along the side BC of the rectangle by = b > dy =0,x=atox=0 


Or 2 2 a 2 
J,Frar= J (x? +b?) ax =- za (3) 
(d) On the side CO of the rectangle [x = 0 => dx = 0, y = b, y = 0} 
J.Fear= [Ody =0 (4) 


Hence around the rectangle, 


1 a’ 
J,Fear= qa? - ab? - = +ab? |+0=-2ab? 
7 3 3 


Example : Evaluate : f(z dx + (xz + 1) dy + xy dz), where C is any path from (1,0,0) to (2,1,4). 


Solution. fityz dx + (xz + 1) dy + xy dz} 


= J {yzi+ (xz +1) + xy kj (i dx + j dy +k dz) 
= F-dr, 
where F = yz i + (xz + 1)j + xy k andr = xi + yj + zk 
Let the given path be a straight line from to point (1, 0, 0) to the point (2, 1, 4), therefore 


then 
A F= 4P i+ (40 + 4tj + (P+ Hk 
and or=(t+1)i+tj+4tk 


Therefore dr = (i + j + 4k)dt 
From the point (1, 0, 0), t = 0 and for the point (2, 1, 4), t= 1 
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[.Frar= [atti (at? + 4t)j s(t + th} {i+ js aby at 
= (a0 + a0? + ats at? + at) at 
lo 
q 
= [at +40? A =8. 


Example : Find the total work done in moving a particle in a force field given by F = 3xy i - 52) 
+ 10k along the curve x = t? + 1, y = 2, z = ? fromt = 1 to 2. 
Solution. We know thatr = xit+tyj+zk 
Therefore dr = dx i + dy j + dzk 
Now F-dr = (3xy i — 5zj + 10k)-(dx i + dy j + dz k) 
= 3x y dx — 52 dy + 10x dz 
From the equation of the curve, 


dx dy dz 
—=2,—= —= 3r 
dt at At and at 3t 


dr = (7( 3xy % 52 4 40x22 

Therefore J F-dr = [/ (20 egy t1OXG ja 
= fF (3(1? + 1)(217)(2t)-5(° )(4t) + 10 (1? +1)(317)} at 
= f (1208 + 10t* +124? + 301”) dt = 303 


Example : If F = 


zits find the circulation of F in the anticlockwise direction round 
Key? x+y 
the circle x? + y? = 1 situated in the z-plane. 
Solution. The parametric equations of the curve 
x = cos 6, y = sin 8,2 =0 


dr 
f= cos 61 + sin 6] + Ok and (= —sin 0 i + cos 0 j 


Now by definition, circulation around the circle 


f, Fear =§,F- Lao 
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x 1 
cos dé 
Ty | 


do = =f (cos 20)d0 =[sin 20]," = 


“pi eee ‘| 
J 1 


Properties of the integral 


(1) ferar=k {rar , Where k is a constant 


Q) J(F + 6)-dr = [F-dr+ [G-ar 


(3) fF-ar= [Fedr+ fF-dr 


where C is the sum of two curves C, and C,. 
(4) [Fear = ~[F-dr , C’ is the curve C taken in opposite sense. 
c ta 


b b 
t i c. Cc’ 
F-dr =-[F-d 
«dee aee 


(5) The line integral is independent of the choice of representation but depends on the path 
of integration. 


fF-dre [Far 
é, rs 


(6) In case, the line integral depends only on the end points a and b, not on the path joining 
them, the vector field F is conservative vector field. 


Recall that if F = Vo, F is conservative field and 9 is its scalar potential 


[For fvear= ie 


ale Sx}; (dxi+ dyj+dzk) 


by 


Ale Pax+ Say az) 


fear = o(b)- 4(a) 


This formula should be applied whenever a line integral is independent of path. 
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Applications of Line Integral 


(a) 


(b) 


(c) 


Work done by a force : The work done by a variable force F in the displacement along 
a curve C from point A to B is 


8 
Work done = [F-dr = [F-ar (1) 
c a 


Work done in conservative force field in moving a particle from A to B is independent of 
the path joining A and B and dependents only on the end points A and B. 


In such case F = V9, and hence 
8 8 

Work done = JFedr =Jve-dr = 9(B)— (A) 
a a 


Also if A and B coincide, that is, C is any closed curve 
Work done = $Fadr=0 (2) 


Circulation due to a velocity fleld : Let F denotes velocity of a fluid, then the circulation 
of F around a closed curve C is given by 


Circulation = fF-dr 
c 
Test for exact differential : For F = F,i + F,j + F,k the necessary and sufficient condition 


that F,dx + F,dx + F,dz be an exact differential is that F must be conservative. i.e. V x 
F=0, 


=> These exist f such that F = Vo 
Then F,dx + F,dy + F,dz = F-dr = V-dr = do = Exact differential (3) 
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A smooth surface S is called Orlentable or two sided if it is possible to define a field n of unit 
normal vectors on $ that varies continuously with position. Spheres and their smooth closed surface in 
space are orientable. By convention, we choose n on a closed surface to point outward. 


Fig. : Mobius strip (Not oriented surface) 
The surface together with its normal field is called oriented surface. Unit normal is at any point 
of it is called the positive direction at the point. 


Let f(x, y, Z) = ¢ be any oriented surface S and R be its projection (Shadow) on coordinate plane 
(say xy-plane) 


The angle between S and R is given by 
vi 


a and |k| = i 


{z-axis is normal to xy-plane} 
area of the surface f(x, y, z) = c over a closed and bounded plane region R is 


dA _ dA 

> 4s cos® [fuk] 
— fp tL 
S= [oF 


Surface Integral 


If R be the projection (shadow) on xy-plane of surface S defined by equation f(x, y, z) = c and 

g is a continuous function defined at the points of S, then the integral of g over S is the integral. 
| g(x,y, z)ds = || (xy. 2H aa Vf-k #0 
fo(xy.2)48 - [folxy.2. Seda 
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Suppose that F is a continuous vector field defined over an oriented surface S and that fi is unit 


normal to the surface S. The surface integral of the normal component of F, i.e. F-fi, is the flux of F 
across A in the positive direction and is given by 


Flux = [[F-fi ds 
3 


= fen Wl . ag- 4 

=f NA |: as= A} 
(_ ve 

=fffrwe] 

fe 

=f ottaa (VE k + 0) 


Remark : 

(a) To find the surface integral of a vector function or flux means the same thing. 

(b) If S is a surface defined by a function z = f(x, y) that has continuous first order partial 
derivatives throughout a region R in the xy-plane then 

Let (x, y, z) = f(x, y) - z be the level surface 

(a) Unit normal to $(x, y, Z) is 


(b) Area of surface S is 


S=[[fF+R ax dy 


Example : Evaluate fjan ds where A = 18zi + 12j + 3yk and S is the part of the plane 2x + 
3y + 6z = 12 which is located in the first octant. 


Solution. We know that ds = ak 
cos® 


where 0 is angle between the normal to surface S and normal to its projection in xy-plane 
cos@=fi-k 


vf 
“ia 


S: f(x, y, 2) = 2x + 3y + 6z - 12 
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a Vf _ 2i+ 3j+ 6k 


lV] V4+9+36— 


4(2i+ 3] + 6k) 
o= 2Qi+ 3+ 6KK= © 
cos @ = 7 (2i j ek = 7 
Now  [[Arvids = ff (1921+ 12}+394)-4 J (21+ 3)+.6x)| 9%. 
3 Jor7 


& 


J 2(a6z +36 + 18y) 4x ay 
16 
2, 
“3 
=f J (6z+6 + 3y)dx dy 
3 


2 
63 
=f J a2- 2x - 3y + 6 + 3y)dx dy 
20 


2 2x+3y+62=12 
of 9 

=f J (18-2x)dx dy 

02 


-fline - oxy ax 


=fas- 2n)(4-2x Jax 


= 72 + 96 = 168 


Example : Evaluate : ffir F)-n dS where F = yi + (x — 2xz)j — xyk and S is the surface of the 
$ 


sphere x? + y? + 2? = a? above the xy-plane. 
Solution. F = yi + (x — 2xz)j — xyk 


Z 
4 
a 
aS Meas 
ra ri fal 
VxkeeS: a2, ae 
le ye Eat SS 
y x-2xz -xy| 
x 


= i(-x + 2x) - j(- y — 0) + k(1 — 2z - 1) 
= xi + yj — 2zk (1) 
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Let S be the surface given by f(x, y, z) = x? + y? + z? - a? above xy-plane. 
Thus, the projection on xy-plane is the circle x? + y? = a7. Also 


fi = unit normal to surface S 


Vf __2xi+ 2yj+2zk 


“Wal Jax? + ay? + az? 


dx dy dxdy 
Zia 

Now {f(vxF):n dS = [f(xi+ vi-22k) 2 + y+ 2k) 
: 


ee dy 


ere Re), _ 
fa? x? -y? 


tava? 942 2 992 
s 3x? +3y? - 2a ax dy 


Le fe-e-y 


EF 9? -3(a? -x?-y’) 


> dx dy 
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axdy 


Zia 
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Example : Evaluate : span dS over the entire surface S of the region bounded by the cylinder 
$ 


+2? =9,x=0, y = 0, z = 0 and y = 8 where A = 62zi + (2x + y)j - xk. 
Solution. Here the entire surface S consists of 5 surfaces, namely. S, : lateral surface of the 
cylinder ABCD, S, : AOED, S, : OBCE, S, : OAB, S, : CDE. 


Thus, faa aS Mfo-s.sysis4 as 


=[[Ands+ [[AndS+..+{[Ands 
s 3 8 
=l+l+l, +1, +l, (say) 
S,: ABCD : The curved surface S, is f = x? + z? = 9. The unit outward normal to S, is 


Vf 2xi+2zk _ xi+Zk 


f= — == 


f| Jax? + 47” 3 


Avti=[6zi+ (2x + y)j—xk]k 


(xi+ 2) 
3 


= (6x2 -xz)= 5x2 
3 3 


and nk= 


[farm as = ff[ezi+ (2x-+ yi xk}-(-«) 2X 
ed Hek] 
5 
= J J x dx dy 
ae 
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S, : OBCE : Surface S, is yz-plane i.e. x = 0. Unit outward normal to S, is i=-i. 


ne oz 


[[Afas= i J fozte( (2x + y)j- xk ]-(-i) 
=[f-sz dy dz 


etley eee 
x of) on 216 


S,: OAB : The section OAB is in xz-plane i.e. y = 0. The unit outward normal to S, is fA=-j. 


wr 
J [6zi + (2x + y)j- xk ]-(-i) hea 
3 


2 
=4(-27)=-1 
5(-27)=-18 


S,: CDE : The section S, is parallel to xz-plane, y = 8. The unit outward normal to S, is A=j. 


oro 
([anas-[ ii [6zi+ (2x + y)j-xk]-(i) ie 
ob 


Tr 


<3 


(2x + 8)dx dz 


3 


=2[(x+4 9 = x? dx 


€ Eduncle 


Mathematics (Vector Calculus) 


3/2-(-2 


4 oly xy" +a do? +45 a 


lo 


= 18(1 + x) 
Thus, the required surface integral is 


J[A-nds = 180 + 36 - 216 - 18 + 18 + 18x = 18% 
3 


Example : Find the flux of the vector field 


A= (x —2z)i + (x + 3y + z)j + (5x + y)k through the upper side of the triangle ABC with vertices 
at the points A(1, 0, 0), B(O, 1, 0) and C(O, 0, 1). 


Solution. Equation of the plane containing the given triangle ABC is 
f(x,y, Z)=x+y+z-1 Zz 
Unit normal fi to ABC is 


Nand i+ j+k 

[vl eas A 

1 
Eee, B(0,1,0 
a agli irk) (0.1.0) 


Flux of A = fr AdS= Jr i— 


(i+ +k) dx dy 


a 
3 


= ff [(x-22)i+(x+3y +2)j+(5x+y)k]- 


A0B 


al 


1 
=f J (x- 2z)+(x+3y+z+5x+y)dx dy 
00 


thx 


7 J [7x4 4y-(1-x-y)]Jax dy 
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Example : Find the surface area of the plane 2z + x + 2y = 12 cut off by x = 0,y=0,x=1, 


y=1. 
Solution. Let (x, y, z) = 2 
Wepre al Wp nd 
6 Tay 


S= [fei + a3 + 10x dy 


2 
{{freterax a 
=SIygtt* x dy 


12-x- 


2 
ye Z = 0 be the level surface. 
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Let V be a region is space enclosed by a closed surface S. Let F be a vector point function, and 
¢ be a scalar point function, then the triple integrals 


[f[Fav and fffoav 


v ¥ 


are known as volume integral or space integrals. 
In component form 


[JFev =i sfJFax dy dz+j ‘ihe dx dy dz+k fro dy dz 


Example : If V is the region of first octant bounded by y’ + z? = 9 and the plane x = 2 and F = 
2x? yi — y? j + 4xz?k. Then evaluate fffiv-Fyav 
v 


@..0, @ is r 
Solution. V-F = (Si Sir Se }tae yi-y? j+ 4xz*k) 
= Axy — 2y + 8xz 


JfJ(v-F)av = ff (4uy - 2y + 8xz)dx dy dz 


¥ Vv 


230-9 


=f ij J (4xy — 2y + 8xz)dx dy dz 


x=oy=0 220 


(4x-2)9 + 4x(27- 9)} dx 


omen 
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2 

= [(108x - 18) dx 
a 


108%? . 
(235-10) = 216 - 36 = 180. 
0 


Example : If F = 22 i+ xj + yk. Evaluate spr dV where Vis the region bounded by the surfaces 
v 


x= 0, y=O,x=2y=4,2=2,2=2. 


Solution. [ffrav- j j J (2zi-xi+ ykjdz dx dy 


90x20 ax? 


42 
={f (z \— xz + yzk), dx dy 


42 
= [ [{di- 2x i+ 2k (xti- 22] + yk)} dx dy 
2b 


Ee tHE Hon Bie 


-32), 2 
5 
32 
= 7g (31+ 5k) 


Example : Evaiuate Jify« A dV where A = (x + 2y)i -— 3z j + xk and V is the closed region in 
v 


the first octant bounded by the plane 2x + 2y +z =4 


ijk 
Solution. vxA=| 2 2 £\-i(0+3)-j(1-0)+k(0-2) 
x wy @ 


Ix+2y -3Z2 x 


= 3i-j- 2k 


{fv av = [ff (Gi- i- 2k) ax dy az 
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2 2.x 4-2y-2e 

=J J J (Bi-j-2k)ax dy az 
Soyo 20 
rere 4-2y-2k 

=f [ (3i-i- 2) (2)5™* dx dy 
ab 


22x 


=(3i-j- 2k) [ f 2(2-y-x)dx dy 


Example : Find the volume enclosed between the two surfaces §,:z2=8-x-yandS:z 
=X? + By? 
Solution. Eliminating z from the two surfaces S, and S., we get 
8- x -y = x + 3y 
> w+ 2ys4 
Thus, the two surface intersect on the elliptic cylinder. 
So the solid region between S, and S. is covered when 
z varies from x? + 3y? to 8 — x? — y?. 


y varies from — -|4 0 4 


x varies from -2 to 2. 
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; 
= 18 f(a-x 7 dx 
av 
: 
282 F(t Zar pun xe = a 2 dx = a 


3 4 avt 
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9. GAUSS’S DIVERGENCE THEOREM 
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Statement : The normal surface integral of a function F over the boundary of a closed region is 
equal to the volume integral of div F taking throughout the region. 


If F is a continuously differentiable vector point function in a region V enclosed by the closed 
surface S, then : 


[.Feids =f (v-F)dv (1) 


where fi is the unit outward drawn normal vector to the surface S. 
The Cartesian form of (1) is as follows : 


[f(Fave2 + Razak + Frxay) = ff, [ 


oF, 


= (2) 


where F,, F, and F, are scalar components of F along the axes. 
Remark : The volume integral is reduced into surface integral with the help of this theorem. 
Conversely, the surface integral can also be reduced into volume integral. 


Proof. Let V be the region wrt the axes such that if any straight line is drawn parallel to any axis, 
then that will meet the surface S in two points only. 


In fig., A, is the projection of region V on the plane XOY. Let the coordinates of any point R in the 
plane A, be (x, y, 0). 


Let any line through R meets the surfaces at the points P and Q. 


Therefore z-co-ordinate of Q by w(x, y) and that of P be 4(x, y). 
Since RP > RQ, therefore 4(x, y) > w( y) 


oF, F 
now [foxy a2 fh, | 
= ff[F (%Y.6)-F, (x y.w) |dx dy 


= ff, y.addx dy ~ ff) (xy.w)dx dy (3) 
Let S, and S, be the sub-parts of the surface S. 


Let fi be the outwards drawn unit normal vector at any point on the surface S. 
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Therefore dx dy = dS cos 6 = fi-k dS, 
where 0 is the angle of the normal with x-axis. 
Jf, FsQy.o)ax dy =f, Ff-k ds AA) 


and ff, F(syw)dx dy =—f. Ffirk dS (8) 

The negative sign of equation (5) shows that the normal drawn outwards make an obtuse angle 
with z-axis. 

The positive sign in equation (4) is because the outwards normal on the surface S, make an 
acute angle with z-axis. 

Substituting the value from the equations (4) and (5) in (3) 


[i], ox dy dz=/, F, frk ds +f, F, f-k dS 


= [fk ds (6) 
Similarly, 

{fh, Sex dy dz=[_F,firjdS (7) 
and {f}, Ga. dy dz=[ FAids (8) 


Adding the equations (6), (7) and (8), 


ieee ax ay dz 


= J (Fit Ryi+ F.k)-fi ds 


J,(v-Flav = [Fads 


This theorem is also true for the region V enclosed by two closed curves S, and S,, where the 
surface S, is situated inside the surface S,. 


Remark : The volume integral is reduced into surface integral with the help of this theorem. 
Conversely, the surface integral can also be reduced into volume integral. 


s an, 


S, 


Fig. 


Example : Evaluate : 
[f,F8 dS, where F = 4xz i - y?j + yz k 
S is the surface of the cube bounded by the planes : 
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Solution. By Gauss's theorem, 
J[,F-# ds = jifv-F av 


= {| Sa)» Z(-7)- Zon)av 

= {ff(4z-y)av 

= ff [i(42-y)ex dy oe [dV = dx dy dz] 
= [fp (22? ~ v2), ax ay =f ['(2-y)ax ay 


1 * 
=flay-% | axe f'3ax=[3x] -3 
=f | p3ex-[3x] -3 


Example : Evaluate : 

J (y?z7i+ 2x} +2’y’k)-fidS, 
where S is the part of the sphere x? + y? + 2? = 1 above the xy plane. 
Solution. F = y?z7i + 2°x7j + z’y’k 


= 22y? 
By Gauss's theorem, 


Jf,F 8 4S = fff, v-F av 


= [ff (2zy?)ax dy dz, 


This is the part of the sphere x? + y? + 2? = 1 above the xy plane i.e., hemisphere above the xy 
plane and the limits for x, y, z are as follows : 


First integrate wrt z from z = 0 to z= J(1-x?- y’), then integrate wrt y, between the limit 


ye- [a-) toy = J(-*) and finally wrt x between the limits x = -1 to x = 1. 
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Required integral = 2ffj,2" dx dy dz 


=f, Ply 2 ax dy 


put x = sin 9 > dx=cosé@ d@ 


= AJ cos" 9 cos do 


853 1n x 


“756422 12 
Example : Use Gauss’s divergence theorem to show that : 
ff, (2% dy dz+ y dz dx +z dx dy) = 4na’, 


where the surface S is the sphere x? + y? + Z? = a’. 
Solution. We know that 


ff,(F ay 42+ F, dz dx +F, dx dy) 


= [ff (2. See a a 6, 


where F, = x, F, ees =2 


OF 4 
x shay ey 


*. From equation (1) 


2=1 and 2 os 
6z 


Sfx dy dz+y dz dx +z dx dy) 


= {fj +1+1)dx dy dz, enclosed by surface S, where V is volume. 


= 3fffdx dy dz=3 (volume of the sphere) 


= 3:(4/3)na? = 4xa* 


z=5. 
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Example : If V is the volume enclosed by any closed surface S; show that: 
(a2) [,fids=0 (o) Jf, (rxf)ds =0 

(©) [,r(vxF)ds=0 @) — f,rfids=3v 

Solution. (a) If F be any constant vector, then 


F-[A d= [FA ds [. F is a constant vector] 


By Gauss's theorem, fra ds =[VF dv 
@..@ a 
VF =(i2+jL+k2]-F=0 
But (‘gud 5} 


F-[AdS=[ v-F dv=0 
or, ja dS=0 [Fis a constant vector] 
(b) If F be any constant vector, then 

F-[ xii dS = [,F.(rxf)dS 

=f(F xr)A ds (by interchanging the scalar and vector products) 


= [.v-(Fxr) dS [by Gauss’s theorem] (1) 


But V-°(F xr) =r(v x F)-F(V xr) = 0 
[- Vx F =0, ~ F is constant and V x r = 0] 


By (1), F-J,(rxfjas =0 
or, jr xfidS=0 
(c) By Gauss's theorem, 


J, f-(v xF)d8 =f v-(VxF)dVv 


=O) [es V-(V « F) = 0] 
(d) By Gauss's theorem, 

ff,r-8 a8 = fff, (v-)av = [ff,3. av (2 Ver= 3) 

=3V 


Example : Evaluate : 
fra dS, where =F = zi + xj + 3y°z k, 


where § is the surface of the cylinder x? + y? = 16 include in the first octant between z = 0 and 


Solution. The projection of the given surface on xz plane will be a rectangle whose sides will be 
X, Z axes and lines parallel to these. 
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Therefore the given integral 


MfoF°7 9S = [fincange AK a (1) 


Normal vector on the given surface x? + y? = 16 
vo= [ioe i 2k |(x? + y2) = 2xi+ 2yi 
o= (‘2 si 2\ y’) yj 


«_ _2(xi+yj) _ 2(xi+yi) 1) 
f= = — = (xi + 
[4x7 +4y?) N16 gry) 


Now by (1), 


[Fids=2ifxi2+y 4. (° 


i” (x+ "2 )axaz 
co dus0 


=5x8-22(9-4)= 
2 
Example : If V is the volume enclosed by any closed surface S; show that : 
f[,F:idS-6V, where F = xi + 2yj + 3zk 


Solution. Given F = xi + 2yj + 3zk 


VxF= (Seiend xi+ 2yj+3zk) 
ox ey Gi 


e é Fy 
= 50) +5 29) +52) 


=14+42+3=6 
.. By Gauss's theorem, 


[FA ds=[ (v-F)av = ],6 dv=6v 
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Example : Verify Gauss's Divergence theorem and show that : 
jFA ds=22, where F = (x? — yz)i — 2x’yj + 2k 


S is the surface of the cube bounded by the co-ordinate planes : 
x=y=z=0; x=y=z=a 


é@ 6 6 
Solution. Here V-F = rat ~ Vt) + (-2x°y) + (2) 
= 3x? - 2x7 +0 = x? 


[[FAds= [vr dve('[' fx? dx dy dz 


apa as 
=[R fix? a dy [2] 
2 
25 =» 9[ x? los 
= d =a?) |= 
af’ x x(y], =a [=] 33 
Verification by direct Integration : In figure outward unit normal have been shown on each face 
of the cube. Now on the face ABCD 
fi =i,x=a, dS = dy dz 
[Ff ds = ff, {(x* - yz)i-2x?yj + 2k} ids 


=e ~yz)dy dz = Kee ~yz)dy dz (2 x= a) 


=a? ["y dy(z)- fry oF) 


Taking f = -i on the face OEFC, 
[Foi dS = ff, {(x° -yz)i-2x?yj + 2k} (as 


n-ffffve oy a 


-. On this face x = 0 


{elle 


Taking fi = j on the face BEFC. 
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[Fri ds ={_{(x? -yz)i-2x’yj+2k}-j as 
= [FP (-2x°y)dx dz 
=-2f. i” xa dx dz [on this face y = al 


=~2af'x? dx [2]; = -(2/3)a° 


Taking fi = k on the face CDGF, 


[Ff as = ff, {(x° ~yz)i-2x°yj+2k}-k dS 


7 i ii 2ax dy = 2f° dax[y]; 
= 2a[x], = 2a” 
Taking f = -k on the face ABEO, 
fra dS = ii (? ~yz)i- 2x°yj+ 2k} -(-k) dS 


= [f-20cay=-2f,¢x(r =-2abeh 


= -2x? 
Adding the integrals on all the faces, 
= a5 — (1/4)a* + (1/4)a* — (2/3)a5 + 0 + 2a? - 2a? 


Example : Evaluate : 
[.FAdS, where F = xi+ yj + 2k. 


where S is the closed surface bounded by the cone x? + y? = 2? and the plane z = 1. 


é é é 
Solution. Here V-F = HO) ty tal) 
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=14+1+4 22 = 21 +2) 

[Fads =f, v-Fav 

s y 


=f, 2(1+z)av 


=2f,dV+2) zav 


=2V +2VzZ, 


Fig. 
where V is the volume of the given cone and 7z is the centre of gravity of the cone (situated on 


the axis of the one) which is at a distance y from the vertex 0. The base of the given cone is a circle 
whose radius is 1 and height is also 1. 
OG = 3/4, V = (1/3)n1? «1 = nf/3 


Required integral = 2V(1+Z) 
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10. STOKE’S THEOREM 


Statement : The line integral of a vector function F around any closed curve is equal to the 
surface integral of curl F taken over any surface of which of the curve is a boundary edge. 
If F be any continuous differentiable vector function and S is the surface enclosed by a curve C, 
then : 
[.Frar= ff, f(y xF)ds, 


where fi is the unit normal vector at any point of S and drawn in the sense in which a right 
handed screw would move rotated in the sense of description of C. 


Cartesian form : 
f.F-or= ff, F, +jF, +k F,)-(idx + jdy +kdz) = J,Fidx + Fay [- dz = 0] 


Since fi =k, therefore 


oF, OF, 


n=,(VxF)-A dS = [(VxF)-k dS “fF . Je ay 


Proof. (a) For surfaces in the planes : 

Let the region S, be subdivided into sub-regions S, such that if a straight line is drawn parallel 
to any axis then that will meet the curve C, atmost in two points. 

Let C, be situated between the lines x = a and x = b. 

Let any line the be drawn parallel to y-axis meets the curve at the point P and Q, where the 
ordinate of P is y = 9(x) and that of Q is y = y(x). In the figure limit of the curve has been divided by 
the line PQ in two parts C, and C, 


y wnt OF 


Now 1.4 Foxe y= fae raed 


° 903) 
i, Filey) a 


PTF, (XX) ~F, x, 4(x)} ]dx 


JF bow} dx - fF, (.600} ax 
=-[F{xw(x)} dx- fF, {x,4(x)} dx 


= ~fe, F(xy)dx-f., F,(x,y)dx 


=-f,,F (xy)dx a) 
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oF, 
Similarly, ff, 24x dy =f, Fa (xy) dy (2) 
From (1) and (2), 
(OF, OF, 
J, (Fidx +F,dy) = Sia > 2 Flan dy 


or, [Fede =ff,(vxF)-Ads 


(b) The Cartesian form of the surface in space, 


P (OF, oF, 1 _ oe (oF, oF, 
J] (vaF)# a8 = (1% _ ay az {% oF ~SNae ax ff, % 2 a gy 
_ pp (GFx_ OF \A(y.2) oF, _ AF, \4(2,x) 
= fh ey ez ata} «fh oz aI a(uy) 
+f (& -fa\ ee), [*by Jacobian] (1) 


PL éx ay Ja(uv) 


where D is any region in u-v plane whose image is S. 
Taking the terms of F, in the equation (1), 


OF, (2.x) 0, O(%Y) _ AF, (XZ) AF, (KY) OF, A(y,x) 


éz (uy) ay A(uv) ez a(uv) ey A(uv) ex a(uv) 
(where the additional last term = 0) 


Oz €z_OX Ez|_ OF [OK ey Ox Oy) OF [Ox eK OK OK 
du'ov ev ous cy lau woul xlaaw aw 


2 OK [A az | AF, Bu oF & KO, Ox, Oy , OF & 
gulaz wv ay a ‘ao {ax’ ju” a “jut zu 


Similarly, the values of the terms F, and F, in (1) are respectively 


oF, ey Of OY ang Ofe 2 _ OF 
gu'év ev du éu'ov ev Gu 
Therefore the RHS of (1) 


ii (z ox _ oF, m),(% oy _&, ae (&. 02 _ oF, 2) due 
o\Gu'av ov du) (au'av ov Gu) Lau av av du 
Now by Stoke's theorem, 

Sf (2 oe Sau dv 

o\av av ev du 


=f, (FX .du+F av) =f F,dx 
a a 
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Similarly, 


oF, ey ey 
fh (S%- a Dau dv = fF, dy 


CF, Oz OF, 6z 
and fh{(E-S-SS hau a =f 82 


au ov ve 
Therefore [,(V*F)-fi dS = |. (Fax +F,dy + F,dz) = J, F-dr 


J.(¥*F)-f dS = [_F-dr 
Now applying Stoke's theorem for each subregion and adding the results, 
J,(¥ x F)-f dS = j,F-dr 
Example : Verify Stoke's theorem for the function F = zi + xj + yk, where the curve C is the unit 
circle in the xy-plane bounding the hemisphere z = (1-x’-y’). 


Solution. Given F = zi + xj - yk and r= xi + yj + zk 

F-dr = (zi + xj + yk)-(i dx + j dy + k dz) 
or, F-dr = 2 dx + x dy t+ y dz (1) 
The unit circle C in xy plane x + y?=1,z2=0 

For the curve C, z = 0 and dz = 0 


by (1), F-dr = x dy (2) 
From the fig., x = cos ¢, y = sin ¢, where 9 varies from 0 to 27. 
From (2), 


Fig. 
. F-dr= fi xdy= [fos 6(cos$)do 


2 3h 2 cos’ do 


= zh'e +c0s26)dp 


1 As: 
=3,9+ 59028] 


=$[2e]=x 


(3) 
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From the fig, the direction cosines of the line OP are 
sin 6 cos 9, sin 8 sin @, cos 8 


Therefore fi = (sin 6 cos 9)i + (sin @ sin 9)j + (cos 8)k, 


where fi is outer normal at the point P. 


i j ok 

é@ 6 6 

Now bei os ay a 

z Ky 
=|20)-200)|+i[£2)-20)] «| S)-2)) 


i+j+k 
fh-(V x F) = [(sin © cos 9)i + (sin 6 sin 4)j + (cos @)k]-[i + j + k] 
= sin 6 cos » + sin 6 sin ¢ + cos 0 


J, fi-(V xF)d8 = J (sinocos@ + sindsing + cosé) dS, where dS = sin 6 dp dé 
= Jo J. (sinocos@ + sinosing +cose)sine do dp 
=f sin? O(cos@ + sing)do dg + | gre sindcosé de do 


= zh'o —cos26)[sin ¢cos¢]" d0+ 3 he'sin 20[o} de 


2 


Vo-Lsin20] x(0) +4] -2e0s20 | 
2 lo 2l 2 


3 (2x) 


10 
if 


=F (2/2)(0)+ a2 i 


pr p}en)-Orn=n (4) 
Therefore from (3) and (4), 

[.Frar=[a-(vxF)ds 
Example : Using Stoke’s theorem, evaluate : 

le xy dx + xy? dy, 


where C is the square in the xy plane with vertices respectively : 
(1, 0), (-1, 0), (0, 1); (0, 1) 


Solution. Writing Joy dx + xy*dy) as Jo(avie xy’ j)-(i dx + j dy), 


J, (xy i+ xy? i) dr, where dr = xi + yi 


Here F = xyi + xy?j 
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i j k 
0 8 @ 
vxF=|2 2 Sj=(y?-x)k 
lx ay a (y*-x) 
xy xy’ 0 


Taking fi = k and dS = dx dy, 
f(VxF)=k-(y?-x)k=y? -x 
By Stokes's theorem, 


if (xyi+ xy’j) -dr = ff f-( (VxF)d 


= f,0? 2) 


1 
=f" -x)dx dy -[ |r -»| dx 
Ly 


Example : Verify Stoke's theorem for the function F = x2i + xy j integrated round the square in 
the plane z = 0, whose sides are along the lines x = y = 0 andx = y = 


Solution. In the plane z = 0, r = xi + yj 
Therefore 


dr = i dx +j dy 
Fedr = (xi + xy j)-(i dx + j dy) 
= x? dx + xy dy 


Now J.Fedr= J (x’dx+ xy dy) 


Di(0,a) 3 C(a,a) 


AO.) Bao) * 


Fig. 
(a) On the line AB, y = 0, Therefore dy = 0 


{Pedr = ffx? dx =a" 


(1) 
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a, Therefore dx = 0 
2 arf? _1,3 
Along the side BC of the square JF dr =f ay dy =58 (2) 
(c) On the line CD, y = a, Therefore dy = 0 
F rae eee Py 
Along the side CD of the square JF dr= if x? dx= aa -.(3) 


(d) On the line DA, x = 0, Therefore dx = 0 


Along the side DA of the square j.F-dr =0 wl4) 
Therefore from (1), (2), (3) and (4), along the square ABCD 
J F-dr =a? + 1a? 1a? 40-14? (5) 
ie 3 2 a 2 
i jk 
@é 6 & 
é =f = —=yk 
Check : curl F ™ By za yl 
x xy 0 


On square ABCD, fi = k, Therefore curl F-f = yk =y 


Jour Ff dS =f" |" y dx dy 


ore es es 3 
=f, {ty i =a [xp =38 .--(6) 
From (5) and (6), {.F-dr= {curl Fi dS 


Hence the Stoke's theorem is verified. 
Example : Evaluate by Stoke’s theorem 


[.(e'ax+2y dy-dz), 
where C is the curve x? + y? = 4 and z = 2. 
Solution. Writing J, (e"dx + 2y dy - dz) 
or —f,(eti+ 2yj-k)-(idx + jdy+k dz), 
J, (e*i+ 2yi-k)-dr, where dr = i dx + j dy + k dz 
Therefore taking F = ei + 2y j - k and by Stoke's theorem 
J, (eti+ 2vi-k)-dr = [f-(v xF)dS, (1) 
where the surface S is the boundary C of the curves, x? + y? = 4 and z = 2. 


Here C is a circle x? + y’ = 4 and z = 2 whose centre is D(0, 0, 2) and radius is 2 and C is also 
the boundary of S,, therefore fi = k 


AV xF=k-Vx(oi+2yj-k) (2) 
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= i(0) + j(0) + k(0) = 0 
From (2), i-(V x F)=0 
Therefore from (1), the given integral 


=f, fA(V xF)ds =0 Fig. 
Example : Prove by Stoke's theorem : 
(a) f,.4(Vy)-dr=-f_ w(¥6)-dr 


>) [,o(vw)ar= J, (vax Vy) A as 


Solution. (a) By Stoke's theorem 


J.Frdr=J,(V<F)-A ds (1) 
Let F = V(w), therefore V x F = V x (Voy) 
o, VxF=O0 [eV (Voy) = 0] 
Therefore from (1), J,¥ (¢v)-ar =0 «(2) 


and V(py) = Vy + yo 


From (2), [,(¢Vy + w¥6)-dr=0 


or, f,.o(¥y)-dr=-f. w(¥4)-ar 


(b) J,F-ar = f(¥ xF)-AidS (By Stoke’s theorem) (1) 
Let F = oVy 
¥ Vx Fav x (6Vy) 
= (V4) * Vy + ov = (Vy) [eV x fV = (V9) * V+ O(V & VY] 
or, Vx F= Vox Vw [- Vo (Vy) = 0] a ¢4) 


Therefore from (1) and (2) 


[.vy-dr= [vox vy) Ads 
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11. GREEN’S THEOREM 
Statement : If ¢ and y are two continuously differentiable vector point functions such that Vp and 
Vy are also continuously differentiable within V enclosed by a surface S, then 
J, (ov2v - w¥74) dV = f,(6Vy—V9)-A ds 


Proof. Using Gauss theorem for the vector point function ¢Vy 


Jevw-f ds =f, V-@@vy)dv (1) 
But V-(6Vy) = oV-(Vy) + VoVy {-- VGA) = o(V-A) + Vo-A} 

= gV’y + VoVy (2) 
From (1) and (2), 

Jovw-i ds = [ vo-vy dV +f wv’ dv (3) 
Interchanging » and y, 

J, words = [ vy-vo dV +f yw av (4) 
Subtracting (4) and (3), 

J,(@¥y- w¥4)-A ds =f (9v7y- yv"o)av (5) 


which is the Green's theorem 
Another Form : 


Since [,(¢Vw- wV6)-f ds = iat 


a oo 
From (5), [,(¢V’y- wV74)aV = j(+St-v2 Jes 


Cartesian form of Green’s Theorem : 
If C is a regular closed curve in xy plane enclosing a region S, P(x, y) and Q(x, y) be two 
continuously differentiable functions in the region S, then : 


(2 - 2 Nex dy = f.(P dx + Q dy) 


Solution. Let F = Pi + Qj, Since A = k, therefore 


ty 
vxFafo 2 
Ox oy 
PQ 


oR | = 
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vxF-Ai= var = 0 _& 
a 


I, VxF-Ads= fi (B-S)« dy (1) 


and f,.Fedr = [(Pi+Qi)-(idx + jdy +kdz) 


=f dx +Q dy) (2) 
From (1) and (2), 


él 
0.3 dx dy =f (P dx+Q dy) (3) 
ep eQ _ 
: Wh = x and P = -y, then & =-4, 
rr. en Q = x an -y, then a -1 a 


Therefore from (3), Je(-y dx-x dy) = ic +1)dx dy 


(If Ais the area of the enclosed region by the curve C) 


= [J,2 ox dy=2A 


1 
A = 5h dy -y dx) 
Example : Evaluate by Green's theorem : 
f.(e* siny dx +e cos y dy) 


where C is the rectangle with vertices (7, 0), (0, 0), (x, 1/2) and (0, 7/2) 
Solution. Here P = e* sin y; Q = e* cos y 


OP. g «2 3 
oy = e* cos y an ae cos y 
6Q_@P 


—-—= e*[- cos y - cos y] = -2e* cos y 
ox 6y 


Therefore by Green's theorem, 


(2 © ax x dy =-2)" alse e*cos y dx dy 


=-2f7e*dx[siny],” 
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Fig. 
Example : Use Green's theorem to evaluate : 


J. {ly-sinx) dx + cos x dy} 
where C is the triangle enclosed by the lines y = 0, x = n/2 and y = 2x/n. 
Solution. Given P = y-sinx and Q=cosx 


Py and 2Q =-sinx 
é ox 
By Green’s theorem, 
éQ_ oP 
J.(P dx+a dy)=ff,{22 -2 ax dy (1) 


Substituting the values of P and Q in (1) and simplifying 
J.(y- sinx)dx + cos xdy ] 


= ffi -sinx -1)dx dy, where § is the area of the triangle. 


iM ‘a +sinx)dx dy 
relat 


=- m4. + — 
0 Tr 


= ey" +{(-xc0sx),” -[,"1-coex)| 
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Example : Evaluate by Green's theorem : 
J.0? -coshy)dx +(y + sinx)dy, 
where C is the rectangle with vertices (0, 0), (x, 0), (x, 1) and (0, 1). 
Solution. Taking the given points as A, B, C and D respectively, then a rectangle ABCD is 


obtained as given in the fig. 
oP 


Here P= x?-coshy > ay =—sinhy 


a 


eQ 
=yt —s 
and Q=y+sinx> ax 7 COs x 


Now by Green's theorem, 


_ pp (6Q_@P 
= Ws ae ay dx dy 


J off. (esx +sinhy)dx dy 
= fly cosx +cosh y], dx 
= J_,(cos x + cosh1- 1)dx 


=[sinx +x cosh1- x}? 


= x cosh 1 - x = alcosh 1 - 1] 


Y 
x 
D 0,1 C(x,1) 
(0,0) B(n,0) * 


Fig. 
Example ; Evaluate : 


Jie ~ By’ dx + (4y—- oxy) dy |, 
where C is the region bounded by the parabolas y = Vx and y = x. Also verify Green's theorem. 


Solution. Solving the equations of the parabola y = vx and y = x, the coordinates of the points 
of intersection are 0(0, 0) and A(1, 1) 
Here P = 3x? - 8y? and Q = 4y - 6xy 
oP __tey and OQ .6y 
oy Ox 


By Green's theorem, 
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12-Sh 

= im {-6y — (-16y)dx dy} 

= rof [ty] dx=5 ike -x')dx 


3 
= (1) 


Fig. 
Verification : The line integral towards C, (towards y = x?) 


f [a -a(¢)' Jax + (4x? — 6x-x?) 2x ax} =-1 


and line integral towards C,, (towards y? = x) 
Vig 2 32) 1 vag, _ 5 
f,(3* 8x) dx + (4vx - 6x \o* ax=5 
Required integral = Line integral towards C, and C, 


5 3 
saqgl il 
272 (2) 


Therefore from (1) and (2), the Green's theorem is verified. 
Example : Show that the area bounded by a simple closed curve C is given by $f. xdy-yae). 


Hence find the whole area of the ellipse. 
Solution. Here P = -y and Q =x 


ay 


oP 
—=-1 and 
Therefore ay ox 


By Green's theorem, we know that 


6Q 
J.P ox ay {2 


Jo dy (1) 
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oP él 


Q 
Substituting the values of oy ox P and Q in (1), 


fuc-y dx +x dy) = ff,[4-(-)]ax dy 


1 = ‘ 
or ple dy-y dx) = {fax dy = Required area 
Therefore the enclosed area by the simple closed curve C 


1 
=aI(* dy ~y dx) 


The given curve is an ellipse whose parametric equations are 
x = a cosé and y = b sin 0. 
Therefore x = acos®@ andy =bsin 0 
The required area of the ellipse 
1p 


dy, dx 
=— Q@—- —— 
i {ecos bsine Jeo 


Ff; (abcos* @-absin’ 6)do 


qin fone 
=f, d@=n ab 
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(2) 
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1, DIFFERENTIAL EQUATIONS 


A relation connecting an independent variable x, a dependent variable y and one or more of their 
differential coefficients or differentials is called differential equation. 

For example, 

@ 
ead —+(x?-4)y=0 

A differential equation as given above which involves only one independent variable is called 
ordinary differential equations, while those involving more than one independent variables are called 
partial differential equations. Partial differential equations will involve partial derivatives. 


For example, 
eu au ez) &@ 
Heo, (2) +Z-0. 
ox by Ox ey 
There are differential equations, which do not contain the variables explicitly. 
For example, 
2, 
oy = 4. 
dx 


A total differential equation contains two or more dependent variables together with their differentials 
or differential coefficients with respect to a single independent variable. This may or may not occur 
explicitly in the equation. In the total differential equation 

u dx + v dy + w dz = 0, 

where u, v, W are functions of x, y and z, any one of the variables may be regarded as independent 
and the others as dependent. Thus, taking x as independent variable, the above equation may be written 
as 

dx dy dz dy dz 


u—+v—+w—=0 or u+vV—+W 
dx = dx dx dx dx 


The order of a differential equation is the order of the highest ordered differential coefficient 
involving in it while the degree of an equation is the greatest exponent of the highest ordered derivative 
when the equation has been made rational and integral as far as the derivatives are concerned. 

Example 


ayy 
(i) * = v2} is an equation of first order and second degree. 


(ii) Maxy= x? is an equation of first order and first degree; 


a 2 
(iii) ae Ya+vx) is an equation of second order and first degree; 


y(1+ 
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ayy 
(iv) (2) = 4 is an equation of second order and second degree; 


Le ider th ti fr. s/1.(ary 
et us consider the equation 47 erage 
This equation is to be squared to rationalise it and then it can be easily seen that the greatest 


2 


d 
exponent of the highest ordered derivative a is two. Hence the equation is of second order and second 


degree. {t should be noted that the determination of the degree does not require the variables x and y 
to be made rational and integral. 

When, in an ordinary or partial differential equation. 

Note: In an ordinary or partial differential equations when the dependent variable and its derivatives 
occur to the first degree only, and not as higher powers or products, the equation is called linear; 
otherwise it is non-linear. The coefficients of a linear equation are therefore either constants of functions 
of the independent variable or variables. For examples, 

ey 
ax? 5 dx? 
are ordinary linear differential equations of the second order while the equations 


+y=Xx,x? PY + (cos) + (sinx)y = 0 


wry aa, 


dy ‘ 
x ae -¥ 2 nd x(siny) =0 


are ordinary non-linear equations of the first and second order respectively. 


Any relation connecting the dependent as well as the independent variables will be called the 
solution or primitive of the differential equation, if it reduces the differential to an identity when substituted 
in it. The solution of the differential equation does not contain any derivative. Thus 


dy _ 
ag =2. 


y = 2x is a solution of the differential equation 
Formation of differential equations 
Consider the relation y = cx, where c is an arbitrary constant. 
Differentiating both sides of this, with respect to x, we get 
dy 
dx 
Eliminating the arbitrary constant from these two, we get the ordinary differential equation 


Oy. 
dx x’ 


wa(T) 


which is of first order and first degree. Substituting y = cx in (1), we see that the equation is 
identically satisfied, showing that y = cx is a solution of the first equation (1). We notice further that the 
solution of a differential equation of first order and first degree will involve one arbitrary constant. 


In a similar manner, differentiating both sides of the relation 
y = Acos (x + B), (2) 
where A and B are arbitrary constants, twice with respect to x, we get 
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dy _ ; 
Praca Asin (x + B) (3) 
dy 

and ee —Acos (x + B) (4) 


Eliminating the arbitrary constants A and B from (2) and (4), we get the second ordered ordinary 
differential equation 

dy 

aol 0 (5) 


Thus (2) is a solution of the equation (5); for (2), when substituted in (5), reduces it to an identity. 
As before, we observe that the solution of a differential equation of second order involves two arbitrary 
constants. 


The equations (1) and (5) may be written as 


2 


di d 
F(x.) = 0 and F(¥g2] = 0 respectively, 


and their solutions are of the forms f(x, y, c) = 0 and 
f(x, y, A, B) = 0. 
Consider now the general relation 


{K ¥, Cy, Cyn.) = 0 (6) 
which contains, besides the variables x and y, n arbitrary constants 
CpaGhs, atte 


Differentiating (6) n times in succession, with respect to x, we get 


é&x oy dx 


24 2, ay 2 2, 
af pot & 2 (w) a ay 6 
ey dx? 


or éxby dx ay? dx 


of 
ox" 


Then, by eliminating the n arbitrary constants from these n equations and the original equation 
(6), we shall obtain the differential equation 


of which (6) is the primitive. This is the typical linear differential equation of order n and degree 
one. 


Thus, if we eliminate the n constants from a relation in x and y involving n arbitrary constants and 
the n equations arising from its n successive differentiation, then we get the corresponding differential 
equation, of which the assumed relation in x and y involving n arbitrary constants is the primitive. There 
being n differentiations, the resulting differential equation will be of n-th order and free from those arbitrary 
constants. 
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This shows that a solution of the n-th order ordinary differential equation should involve n arbitrary 
constants. 

On the other hand, the n-th ordered differential equation cannot have more than n arbitrary 
constants in its primitive. For, if it had (n +1) arbitrary constants, on eliminating them, there would appear 
an equation of (n + 1)th order and not an equation of the n-th order. 

General solution and arbitrary constants 
Assuming the existence of the solution of a differential equation, we consider the differential 


di 1 1 
equation = = x. A solution of this equation is y = rhe and another solution is y = a” +c, c being a 


constant, For different values given to c, we get different solutions and in particular, by giving c the value 


1 
Zero, the solution y = x is obtained. 


2, 


The solutions of the equation a 


are y= cos x and y= sin x. 

More general solutions are y = A cos x and y = B sin x, where A and B are constants. The former 
solutions are obtained from these general solutions by giving A and B the particular value unity. Yet more 
general solution of the equation is 

y =Acos x + B sin x, 

from which all the previous solutions are obtained by giving particular values to the arbitrary 

constants A and B. 


+y=0 


The solution, which contains a number of arbitrary constants equal to the order of the differential 
equation, is called the general solution, the complete primitive or the complete integral. Solutions obtained 
from the general solution by giving particular values to the arbitrary constants are called particular 
solutions. 

In some special cases, we get solutions of a differential equation which cannot be derived from 
its general solution by giving particular values to the arbitrary constants. These solutions are known as 
singular solutions. 

In some linear differential equations, the general solution consists of terms involving the arbitrary 
constants and terms giving a definite function of the independent variable. The first part is called the 
complementary function and the remaining part, which can be obtained by giving the value zero to each 
of the arbitrary constants, is called the particular integral. Thus, if the complete primitive be given by 

y = Acos x +B sin x + 3e, 


then (A cos x + B sin x) is the complementary function and 3e* is the particular integral. 

Note 1. The solution of a differential equation involving arbitrary constants may be expressed in 
various forms. Thus 

log cos x - log (2- y) =¢ 

can be written, on simplification, as y = 2 — k cos x. 

Note 2. An arbitrary constant in the solution of a differential equation is said to be independent, 
if it be impossible to deduce from the solution an equivalent relation which will contain fewer arbitrary 
constants, Thus the two arbitrary constants a and c in the solution y = ae*** are not independent as 
they are really equivalent to only one; for, 


y = ae***® = ae*. e° = Ae*, where A = ae’ is another constant. 
This A is independent. 
Note 3. In our above discussion, we have assumed that the conditions, which ensure the 
existence of the solutions of a given differential equation, are satisfied. 
se | 
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Geometrical significance of differential equation. 
Let us consider a differential equation 


(x»2}-0 (1) 


of first order and first degree. The primitive of this equation is a relation between two variables 
x and y and a parameter c, such as 
4(x, y, ¢) = 0, (2) 
which, for different numerical values attributed to c, represents different curves. Thus the differential 
equation represents a single parameter family of curves and each member of this family is called an 
integral curve. 


P ‘ 7 d: 7 Foe a 
Now, we know that in Cartesian co-ordinate system, ae of a curve gives the direction of the 


d 
tangent to the curve at a given point. Let the value of Mat a point (x,, y,) as given by the equation (1) 


be m,. Thus, as a point moves through (x,, y,) in the direction m, and reaches a point (x,, y,) at an 
infinitesimal distance, then at that point it will move in a direction m, as given by &y y,) and restricted 
by the equation (1). It will move through an infinitesimal distance to a point (x,, y,) and from there under 
the same condition to (x,, y,) and so on through successive points. Thus the point will describe a curve 


d 
by its movements such that the co-ordinates of any point of the curve and also the value of = there, 


will satisfy the differential equation (1). Similar consideration shows that the point will describe some 
other curve if it starts from some other point on the xy-plane and moves such that the co-ordinates of 
a point on that curve along with the direction in which it moves satisfy (1). Through every point on the 
xy-plane, there will pass a particular curve, for every point of which the co-ordinates x, y and the direction 


di 
of the tangent a will satisfy the differential equation (1). The equation of each curve is thus a particular 


solution of the differential equation, the whole system of curves being its general solution which in its 
totality makes the locus of the differential equation, 


If the equation (1) be of second degree in 2, then there will be two values of the direction for 


each particular point (x, y,) and hence the point can move through this point in either of these directions 
and hence two curves of the system, which is the locus of the general solution, will pass through each 
point. The general solution (2) of the equation must be such that c in that solution must be of second 
degree. 

Generalising this, we can say that a linear differential equation of order one and degree n must 
contain an arbitrary constant in its general solution whose degree must be n. n of these curves given 
by the general solution for a particular value of the parameter will pass through each point of the plane. 


The general solution of a differential equation of second order 


dy d’y 
f] xy |=0 
( Wax dx? --Q) 
contains two arbitrary constants and therefore the aggregate of integral curves will form a two- 
parameter family. 
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2. CAUCHY’S PROBLEM 
OR 
ODE OF THE FIRST ORDER OF THE FORM Y' = F(X, Y) 


d 
Consider the first ordered differential equation = = f(x, y), whose general solution contains one 


arbitrary constant. 
It is sufficient to specify the value y, of the particular solution for some value x, of the independent 
variable x, that is, to find a point (x,, y,) through which the integral curve of the given equation must pass. 


But this is not sufficient for equations of higher order. For instance, the general solution of the 
2, 
equation ae Ois 
y=Ax +B, 

where A and B are arbitrary constants. 

The equation y = Ax + B defines a two-parameter family of straight lines on the xy-plane. To 
specify a definite straight line, it is not sufficient to specify a point (x,, y,) through which the line must 
pass. It is also necessary to specify the slope of the line at the point (x,, y,) as given by 


Vatxexy, thatis, (2%). 
dx dx }, 


In the general case of the n-th ordered differential equation 


dy d’y d'y 
FL MWe =0, 
(x i dx" dx?" dx” (1) 
in order to isolate a particular solution, we must have n conditions 
dy o| ay (arty 
dS re = 1atx=X, (2) 
92 Ip Bm (S) sen ra ae @ 


in which (2) Ais ¥) i 
in which y,, lax loge, are given numbers. 


Cauchy's problem is to find a solution of the differential equation (1) which satisfies the specific 
conditions (2). 
Example. Eliminate the arbitrary constants A and B from the relation. 
y = Ae + Be* + x2, 


0 


Sol. From the given relation, we have 


oy. Ae* -Be™* +2x 
dx 
ay 


qa Aen Be + 2=y-x' +2. 


and 


Therefore 
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Example. Show that the differential equation satisfied by the family of curves given by c? + 2cy 
- x? + 1 = 0, where c is the parameter of the family, is 


a 
(1 - x2) p? + 2xyp + x? = 0, where p = ae 
Sol. From the given equation of the family of curves, we have, on differentiation with respect to x, 
2cp - 2x = 0. 
Therefore c= 


Eliminating c from the given equation, we get the corresponding differential equation as 


2 
= + chs x7 +1=0 
poop 
or, (1 — x?) p? + 2xyp + x? = 0. 
Example. Obtain the differential equation of the system of confocal conics 
x? y 
ath btn” 


in which 2 is the arbitrary parameter and a, b are given constants. 
Sol. Let us eliminate a from the given equation and its first derived equation 


ok 2yy =0, where y=, 
ath bD+a dx 
From the last equation, we have 
ata btn 
— =—— = K(say). 
x yy" (say) (1) 


Putting this in the given equation, we have 


1 
or k=-y- 4). 


Substituting this vaiue of k in (1), we get 


x’y 

y 
and = b? + A = —kyy’ = y(y — xy). 
Subtracting, we have 


a +A =kx= = 


ate 
pp PP yay 


Therefore (@-b)yy 


(xy' — y) + yy’ xy’ - y) 
= (xy' - y) & + yy). 
This is the required differential equation, whose primitive is the given system of confocal conics. 
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Equations of First Order and First Degree 
Given a differential equation 


gy 
— =f(x, a 
a 7 &Y) (1) 
where f(x, y) is subject to the following conditions : 
(i) f(x, y) is continuous in a given region G, 


(ii) 1 f(x, y) | < M, a fixed real number in G, 
(iii) I f(x, y,) - f&% y.) |< k Ly, - y, Lk being a fixed quantity for any two points (x, y,) and 
(x y,) in the region G. 

If now (x,, y,) be any point in G such that the rectangular region R as given by Ix — x,| < a, ly 
- Yl < b, where b > aM such that R lies wholly within G, then there exists one and only one continuous 
function y = 4(x) having continuous derivatives in |x — x,| < a, which satisfies the differential equation (1) 
and takes up the value $(x,) = y, when 

X =X. 

The condition (iii), that is, If(x, y,) — f(x, y,)I < k ly, — y,! provided (x, y,) and (x, y,) are any two 

points in G, is known as Cauchy-Lipschitz condition. If f(x, y) admits of continuous partial derivatives and 


hence < k, where k is fixed, then the Cauchy-Lipschitz condition is satisfied. 


é 
ay (OY 


An ordinary differential equation of first order and first degree 


dy _ 
ae OY) 


can always be written as M dx + N dy = 0, 

Where M and N are functions of x and y. Assuming that the equation has a solution, we shall 
discuss methods by which the general solutions of these equations can be found in terms of known 
functions. We classify these equations according to the methods by which they are solved. These 
classifications are 

(A) Equations solvable by separation of variables, 

(B) | Homogeneous equations, 

(C) Exact equations, 

(D) Linear equations. 

Solution by separation of variables 
If the equation M dx + N dy = 0 can be put in the form 
f(x) dx + f(y) dy = 0, 

that is, in the separated variables form, then the equation can be solved easily by integrating each 

term separately. The general soiution of the above equation is 


JiGdax + J&lxday =¢, 


where cis an arbitrary constant. By giving particular values to c, we shall get particular solutions. 
The equations of the form 
dy 


or f(x) oly) or f(x) or(y) dx + f(y) d(x) dy =0 


can also be put in the above form and integrated. Sometimes a transformation of the dependent 
variable will be used to facilitate separation of variables. 
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dy 
Example. Solve : x? a y=. 


Sol. We have, from the given equation 


or, Y 1-y 


The variables have been separated. 
Now, integrating both sides, we get the general solution as 


1 : : 
ee log (1 — y) + c,, where c, is an arbitrary constant 


1- 1 
or, log tee, taking c, = log c 


or, 1-y=ce™ 
or, y=1-ce™ 


Example. Solve : xfydx + (14+ yWT+ x dy =0. 


Sol. Dividing throughout by /y(1+ x), we get 


xdx 1+y 
= + dy=0 
viex Wy 


ie (-y)o[Z-W]ov-0 


Integrating, we get the general solution as 


Es 
Z 


3 
za +x)? -2VT4 x + ay +23 =C, where c is an arbitrary constant 


or (x-2)V1+x +(y +3)/y¥ =k, where «= 3. 
é dy 
Example. (a) Solve the equation (x + y)? ae =a 


(b) Show that the general solution of the equation # + Py = Q can be written in the form 


y = k (u — v) + v, where k is a constant and u and v are its two particular solutions. 
Sol. (a) In this case, we are to apply certain transformation of the dependent variable to have the 
variables separated. 


7 dy 
We put x+y=yv, so that 1 + 3 - 
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Putting these in the equation, we get 


Separating the variables, we get 


v2 
=z _~Av = dx, that is, 1 
a+v 


v 
Integrating both sides, we get v - a tan Fy =sxec 


Substituting (x + y) for v, we get 


x+y 
a 


x+y-atan' =xtec 


X+ 
y +c, which is the general solution. 


or, y=atan’ 


d 
Note. To solve equations of the form a = f(ax + by +c), the general substitution is ax + by + 


d 
(b) Since u and v are the solutions of ae + Py=Q, (1) 
du 
therefore a Pu=Q (2) 
and Spy =Q (3) 
Subtracting (3) from (2), we get pat -v) + P(u-v) =0. (4) 
' d 
Subtracting (3) from (1), we get a —v)+Ply-v)=0 (5) 


du-%) pg = d{y—v) 


-P dx é 
u-v y-v 


From (4) and (5), we have 


Integrating, we get log (y — v) = log(u — v) + log k, where k is a constant. 
Thus y—v=k(u — v), giving y=k (u-v)t+v. 
Example. The product of the slope and the ordinate at any point (x, y) of a curve passing through 


the point (5, 3) is equal to the abscissa at that point. Find the equation of the curve. 


Find the equation of the curve. 


d 
Sol. The slope at any point (x, y) of a curve is 


d 
By the given condition, we have y oe =x, that is, y dy = x dx. 
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Integrating, we get x? - y = c, where c is an arbitrary constant. 
Since the curve passes through the point (5, 3), we have 
c= 25-9 = 16. 
Therefore the required equation of the curve is x? — y? = 16. 
Homogeneous equation. 


x 
If a function f(x, y) can be expressed in the form x” (2) in the form y" (i } then f(x, y) is said 
to be a homogeneous function degree n in x and y. 
If the equation M dx + N dy = 0 can be put in the form 


oy fy 
dx x} 
If M and N be homogeneous functions of x and y of same degree, then the equation is called 
homogeneous. In this case, by y = vx, where v is a function of x, we can change the variable, 


such that 
dy dv 
SS =VtX—. 
dx dx 


Then, after integration, v is replaced by = 


d 
Note. a. f(x, y) is a homogeneous equation, if f(tx, ty) = f(x, y) for all t. 


It can be easily verified that the equations 


gy | ; ue Aya 5xfy 
x 3 log (x + y) — log (x? + y5) and 9x =e Ty) x+7y) are homogeneous. 
Non-homogeneous equation reducible to homogeneous form 
Consider a non-homogeneous equation of the form 
(a,x + by + ¢,)dx = (a,x + by + c,)dy, 


dy _ ax+by+c, 
that'ls, cx oa WX +b,y +c," (1) 


ab 

in which a, * b, : 
This equation can be made homogeneous by the substitution 

x=x' thandy=y +k, 
where h and k are constants and are so chosen that 

ah+bk+c,=0 +=(2) 
and ah+bk+c,=0. 
The relations (2) determine the constants h and k. 
The equation (1) is then reduced to the homogeneous equation 


dy’ ax’ by! 
dx’ 
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which can be solved after the substitution y’ = vx’ as before. 


a, _b, 
<t=—, then the substitution 
a b; 
axtby=v, 
y dy dv 
that is, a, + Be ax 


will transform the equation to a form, which can be easily solved. 
: ¥ y 

Example. Solve: x cosy (y dx +x dy) =y sin & dy - y dx). 

Sol. The given equation can be put as 


( cos¥ + y? sind ax -[-* cos» + rysind ley 
x x x x 
y in: 
y[xcosks yan) 
or | YL 
ae x{-xcosL+ yin 
x x 


The equation being homogeneous, let us put y = vx, so that 


ai dv v(cosv +vsinv) 
eee 
Us Vv + XaX (-cosv +vsinv) 


dv cosv+Vsinv 2v cos v 
or, X=V = -1}/=— 
: dx vsinv—cosv v sin v—cos v 


v sin v—cos v 2 dx 
—_—_dv 


Of; vcos v x 


Integrating both sides, we get 
log sec v — log v = 2 log x + log c, 
where c is a constant. 


we ivan SCCV¥ 
This gives aye ex?. 


Putting v = z, we get the solution as sect = exy. 


Example. Solve : x’y dx — (x* + y*)dy = 0. 
Sol. Here M and N are homogeneous functions of x and y of degree 3. 
The given equation can be written as 


Eduncle 


dv 


Let ¥= ve 30 thet =vtx—. 


dx dx 


Then the equation becomes 


dv xv ov 
dx x?+x'v? T+V8 


in which the variables v and x have been separated. 


rns ones (Zot }eve- 
is gives ve v * rs 


Integrating both sides, we get 


“3v8 
log vx 1 
or, ==>, 
ce 3v? 
KX = = 
Therefore —=e" =e". 
c 


Thus the solution is y =ce” 


Example. Solve : (x + 2y — 3) dx = (2x + y — 3) dy. 


_ dy x+2y-3 
Sol. We have the equation ae Oxty—3 
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+ log v = — log x + log c, c being a constant 


To reduce this to the homogeneous form, let us put x = x' + h andy =y' +k, 


dy dy’ 
so that ax becomes x 


dy’ 


x'+ 2y'+ (H+ 2k - 3) 


Therefore the equation becomes G7 = 5y y'+(2h+k—3). 


Let us choose h and k such that 


h+2k-3=0 

and 2h+k-3=0. 

These give h = k = 1 and the equation reduces to 
ay! xs 2y" 
dx’ 2x't+y' 


which is a homogeneous equation. 
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dy dv 
We now put y’ = vx’, so that <> =v+x —> 


dx’ dx’ 
The equation now becomes 
,dv +2v 
V+xX'—— 
dx’ 2+v 
ox yd Teav tev? 
: a’ 2+v 0 2+y 
2+v dx’ 
dv =— 
or, inv . 
2 1(-2v)} dx’ 
ae dv =—. 
i | 21-v{ x' 


Integrating both sides, we get 
toga —lrogtt -v*) =log(cx’) 
1-v 2 


Putting v = a we get 


=log(cx') 


or, 
Putting x’ = x - 1 and y' = y- 1 ash =k = 1, we get 
1 = 
Kx —1) —(y—-1? 
or, ( + y — 2F = cx — yy (x - 1¥ - (¥- 17} 


or, X+y-2=¢ (x-y) 
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3. EXACT EQUATION AND ITS SOLUTION BY INSPECTION 


If the differential equation M dx + N dy = 0 can be expressed in the form du = 0, where u is a 
function of x and y, without multiplying by any factor, then the equation M dx + N dy = Ois said to be 
an exact differential equation and its general solution is u(x, y) = c, where c is an arbitrary constant. 

A few exact differentials are given below 


xd dx 
x dy + y dx = d(xy) ; ayn Alloata 
x dy ~y Ox y dx —x dy = }: 

x y y 
xey-y er YX al tan) ; 
xy x+y \ y 

_y 2 
xdy~y OK _atan . 2 xy dy-y gy gf vo : 
e+y? x x x 

? dx +2 xy d 1 xdy+y dx ay 
vest -a 2) F =d {sin\(xy)}. 
ry xy’ 
ydx-xdy_ [fx xdx+y dy 
2 = d} log} — — To af? 
7 omy ay? 9, ny: al 
_ x2 2 
sy (2), 2 yx dx #4 4( ©) 
xy” xy }" y y 
2x?y dy — 2 xydx y? 2y?x dx — 2yx’dy x?) 
ae eal 2]. aaa ed S 
x ran ¥ ¥) 
ye’dx -e*dy (£). xe’dy - e’dx () 
Sa = ed 
y y}' x x 
xdy-ydx) 4 og Xt¥ xdy ~ydx dfsn*(2)] 
Wy? hacareerre xf0e-y5) x 


-an-1 xdy+ydx]_ adx?+y’)*.ne1 [ee] ie 
oA FEN nage sy?yimet o-0] 248 gf OT net 


General method of solution of exact equations 


We have stated earlier that the ordinary differential equation M dx + N dy = 0 will be exact, if there 
exists a function u(x, y), such that M dx + N dy = du. We now establish the condition for that. 

Theorem. The necessary and sufficient condition for the ordinary differential equation M dx + N 
dy = 0 to be exact is 
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have 


eM 


oy ox" 
[We assume here that the functions M and N have continuous partial derivatives] 
Proof: If the equation M dx + N dy = 0 (1) 
be exact, then there must be a function u of x and y, such that 
M dx + N dy = du, (2) 
a total differential of u = du. 
at 
Also, we have du= Max + Nyy, -(3) 
OX oy 


x and y being independent variables. 
Now the two expressions (2) and (3) for du are identical and hence, from (2) and (3), we shall 


OM 6 (eu u eN_ @(eu)_ @u 
Therefore = = ax and = 


Hence 


if the partial derivatives of M and N be continuous. 
Thus the condition is necessary. 
To prove that this condition is also sufficient, we have to show that 


OM ON 
oy ox’ then M dx + N dy = du. 


Let us put P = J M dx, where, in the integrand, y is supposed to be a constant. 


-P 
Then <=M and we have 
ox 


aN _@M_ oP a ( 
ex Gy ayax mvt 


oP 
Therefore N= wt f(y), where f(y) is a function of y. 


Using these values of M and N, we can write 


a 


Max +Ndy = Pax +! 
ox” Ley 


+ to} dy 


= d{P + F(y)}, where dF(y) = f(y) dy. 
Now, writing P + F(y) = u(x, y), we have 
M dx + N dy = du. 
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Thus, to solve an equation of the from M dx + N dy = 0, we have to arrange the terms in groups 
each of the which is an exact differential, so that u(x, y) may be obtained by inspection only. This method 
has been discussed earlier. 


OM _ ON 
If this cannot be done, then we have to test the condition yx for the exactness of the 


ox 
equation first. 
If it is found to be exact then, to determine the function u(x, y), we use the relation 
eu 


a, 
ox 


which on integration gives u = j M dx + f(y), where f(y) is a function of y. 


Now, to determine the function f(y), we equate the total differential of u(x, y) to (M dx + N dy). 


We see that all the terms of u(x, y) containing x must appear in j M dx. Hence the differential 
of this integra! with respect to y must have all terms of N dy which contain x. Hence the rule for solving 
an exact equation of the form M dx + N dy = 0 is 


Integrate the terms of M dx considering y as constant ; then integrate those terms of N dy which 
do not contain x and then equate the sum of these integrals to a constant. 
Cor. In the exact equation M dx + N dy = 0, if M and N be homogeneous functions of x and y 
of degree n (+ -1), then the primitive can be obtained without any integration and the primitive is 
Mx + Ny = constant. 


OM _ ON 
Proof: Since the equation is exact, we have yx (1) 
Again, since M and N are homogeneous functions of degree n, we have by Euler's theorem, 
eM aM 
x—+y—=nM 
oy y oy v=(2) 
x + yn =nN 
and x ey (3) 


Let u = Mx + Ny, so that we have 


BY i My Nig My eM 

oe ex eK ex Tay YO 
= M + mM, by (2) 

=(n+1)M. 


Similarly, by (1) and (3), we get 
cu 
oy (n+1)N. 


Bons Sey = (n +1) (Mdx +N dy). 


é 


Therefore du= 


1 
Hence M dx + N dy = “> 


1 
rT) du = ae d(Mx + Ny), n #-1. 


Thus the primitive is Mx + Ny = constant. 
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4, INTEGRATING FACTORS 


Sometimes it is seen that an equation, as it stands is not exact but it can be made exact by 
multiplying it by some function of x and y. The function, which is multiplied to the equation to make it 
exact, is called integrating factor. 

Let M dx + N dy = 0 be an ordinary differential equation and 

Mx + Ny = 0. 
M 


dy _M 
We have “nN 


which can be integrated easily and in this situation no integrating factor is necessary. 

Theorem. The number of integrating factors of an equation M dx + N dy = 0, which has a 
solution, is infinite. 

Proof: Let (x, y) be an integrating factor of the equation M dx + N dy = 0, 

so that u(M dx + N dy) = du. 

Hence u(x, y) = ¢ is a solution of the equation. 

If f(u) be any function of u, then 

uf(u) (M dx + N dy) = f(u) du. 

Now, the right-hand expression is an exact differential, since f(u) du can easily be integrated to 

give $(u). Thus the solution of the equation is 


ou) = ¢, 
showing that y:f(u) is also an integrating factor of the equation 
M dx + N dy = 0. 


Since f(u) is an arbitrary function of u, the number of integrating factors are infinite. 
Rules for finding integrating factors 

It is seen that an integrating factor can be found by inspection in simple cases. But in most cases 
when integrating factor cannot be found by inspection, the following rules are used to find it. For that, 
we consider the differential equation M dx + N dy = 0, in which 


1 
Rule I. If Mx + Ny # 0 and the equation be homogeneous, then Mx +Ny is an integrating factor 


of the equation M dx + N dy = 0. 
Proof: We have M dx + N dy 


=} + ny + ). (Mx - n(2-*} 


=F Mentone «Oe Ny)d) (loo 2)| (1) 


Since Mx + Ny + 0, we have, dividing both sides by (Mr + Ny), 


Max+Ndy 14 (log(xy)} + J MEENY 4 [es x) (2) 


Mx + Ny 2 2Mx +Ny 
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Mx —Ny 
Now (Mx + Ny) is homogeneous; hence Mx+Ny is also homogeneous, and is equal to a function 


¥ cay (2) 
of y» say fly J: 


Therefore (2) becomes 


Mdx+Ndy 1 1X al ogX 

= — lI =fi — Id) log— 

Mixa Ny 72 flog(xy)} +> 4 {95 

= J attoatxy)} + 4£(to0% Ja{ too) (3) 
2 2 ONY. y a 


, f ae e -* (9%) 
since (3 y}- 
The right-hand side of (3) is an exact differential. 


1 
Hence we see that Mx+Ny is an integrating factor of the equation. 


Rule Il. If Mx — Ny # 0 and the equation can be written as 


{fOxy)} y dx + {F(xy)} x dy =0, 


then 


1 , r A ‘ 
ix Ny is an integrating factor of the equation. 


Proof: Since Mx — Ny # 0, dividing both sides of (1) by (Mx — Ny), we get 


Mdx+Ndy _ 1Mx+Ny 1 x 
Es 2 fl —d| log® 
Mx - Ny FRE tos) + F4{ tee) 


Now, we have M = {f(xy)} y and N = (F(xy)}x. 
Therefore 


Mdx+Ndy _ 1 f(xy) + F(xy) 


Sir Goes 
=a d flog(xy)} + —d! 10%) 
Mx=Ny 2 f(xy)=F(xy) | Mary 


ree 
2 
1 1 x 

= zoeyyd {log(xy)} + 44('00%) 


7 A vtoaty)} d {log(xy)} +70 100%) (4) 


since (xy) = 4 {e™} = y {log (xy)}. 


The right-hand expression of (4) being an exact differential, 
the equation. 


1 
Mx —Ny is an integrating factor of 
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M 
Note. If Mx — Ny = 0 identically, then 5 - and the equation M dx + N dy = 0 reduces to x dy 


+ y dx = 0, whose solution is xy = c. 


Af eM | 


Rule Ill. If Nay ) be a function of x along, say f(x), then eft 
ody ox 


is an integrating factor of 
the equation. 

Proof: Let » be an integrating factor of the equation M dx + N dy = 0, 

so that (uM) dx + (uN) dy = 0 

is an exact differential equation. 


é é 
Hence the condition ay (uM) = oe (uN) must be satisfied. 


ay ony 

i M— -N— + 

This gives By 5 (5) 

A ‘ On 

Now suppose y is a function of x only, so that oy =0. 

Then (5) gives 
du 1 eM ON 
du 1(M Ny (6) 
H oy ox)" 


Now, since , is a function of x alone, the right hand side of (6) is a function of x only. 
1 im aM _eN) 
Let us put oy ox (x), 
du 
so that (6) becomes i = f(x) dx, 


which gives be elt 


Thus J‘ is an integrating factor of the equation. 


a 
Note. ls is an integrating factor of the equation oe Py = Q, where P and Q are functions 


of x only, since the equation can be written as (Py - Q) dx + dy = 0, so that M = Py - Q, N =1 and 
a Ree 
Nlecy &x 


Rule IV. If a 


P, which is a function of x alone. 


mt a be a function of y alone, say ¢(y), then el” is an integrating factor 
BS 


of the equation. 


Proof: The proof is similar to that in Rule Ill. 


597 
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Rule V. If the equation be of the form 

x2 y? (my dx + nx dy) = 0; a, b, m, n being constants, then x"-*-' y*-'-1, where k has any 
value, is an integrating factor of the equation. 

Proof: Let us assume that x° y* is an integrating factor of the equation 

xy? (my dx + nx dy) = 0. 

Now xt? ys (my dx + nx dy) is an exact differential, 

if (rmxe** yst®*? dx + nxpratt yet dy) be an exact differential. 

This gives m(q + b + 1) = n(pt+a+ 1) 
q+b+1_ p+a+1 

n m 


or, = k, say where k is any number. 


Therefore p = km —-a-—1andq=kn-b-1. 
Thus we see that x*m-2-1 yi->-1, where k is any number, is an integrating factor of the equation 
x? y? = (my dx + nx dy) - 0. 
In this connection, it should be observed that pe y*", k #0 is the integral of the exact differential 
xtm- 1 ykn-1 (my dx + nx dy). 
If the equation can be put in the form 
xy" (my dx +1n,x dy) + xy” (m,y dx + n,x dy) = 0, 
then a factor, that will make the first term an exact differential is 
xham-B-T him -Bt 
and a factor, that will make the second term an exact differential is 
xtam-ar-t ykzerb-, where k, and k, have any value. 
These two factors are identical, if 
km, — a, = k, m, — a, and k,n, — b, = k,n, — b,. 
These easily determine k, and k,, provided m,n, — m,n, # 0. 
dy ax+hy+g 
Example. Solve : ax bs hx+by+f 7 0. 
Sol. The given equation is 
(hx + by + f}dy + (ax + hy + g)dx = 0 
or, ax dx + by dy + h(x dy + y dx) + g dx +f dy =0 


ae y 
or, ad |v 0a ]ena eos oars tay=o 


or, {Bex + by?) +h (xy) + 9x + wy} 


Integrating, we get 


1 
qlar + by?) + hxy + gx + fy + c = 0, where c is an arbitrary constant. 
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d 
Example. Solve : (1 — x?) ea — axy = x - x3, 


Sol. The equation can be written as 
(1 — x2) dy — 2xy dx = x dx — x? dx 


x xt 

df(1—x?)y} =a) —-— 

or, {a-x?)y} ( 7a } 
Integrating both sides, we get 


yl?) =f? Tt +C. 
OR 
dy 
1—x2) YY. — oxy =x =x? 
(l-x be xy =X-x 
Dividing above equation by (1- x’). 


dy 2xy _ x(1-x’) 
dx 1-x?  (1-x?) 


dy 2x 


2x 
iF.=e!™ = eli = elee(r*) _ (qx?) 
Now using this formula, we get 


y(IF.) = j QxLF.dx+C 
y(1- x?) = fxa- x?)dx +C 


y(1- x?) = f(x-x°)dx +C 
2 yf 

(1— x? sae GO Cc 

Wax )= aa 


xdy -ydx 


Example. Solve x dx + y dy + ery = 0, given that y = 1 when x = 1. 


Sol. The given equation can be put as 


(5) (3) +4{ tan 2) =0 


Integrating, we get 


Viet ay 
= tan’X 40-0 
2” +y’)+tan gee (1) 
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where c is an arbitrary constant. 

Now, it is given that y = 1 when x = 1. 

Putting these in (1), we get 1 + tan? 1 + c = 0, giving c = =F 
Therefore the required particular solution is 


Veyt a y2 1y x 
s(x? + tan'—=1+—. 
gO ty ttn ols 
Example. Examine whether the equation 
(a? — 2xy — y’)dx ~ (x + yP dy = 0 
is exact. If it be exact, then find the primitive. 
Sol. Here M = a? - 2xy - y’ and N = -(x + y)*. 
OM aN 
We have =~ =~2x-2Y and <=-2x+y). 
oy ox 
Hence the equation is exact. 
The primitive of the equation is 
f(a? - 2xy - y?)ax + f(-y?) dy = 0, 
y is considered as constant in the first integral 
1 
or aK — XY — KY gy = c. 
Note. The first integral is J M dx and the second integral is 
J Germs not containing x in N) dy. 
Example. Solve the equation 4x’y dx + (x4 + y‘) dy = 0. 


oM oN 
Sol. Here ra = 4x3 = ox: Hence the equation is exact. 


Furthermore the equation is homogeneous. 

Therefore the primitive is Mx + Ny = constant, 

that is, 5x'y + y° = c, where c is a constant, 
Example. Solve : (x*y — 2xy’) dx + (3x’y — x°) dy = 0. 


a 
Sol. We see that yey WW )= x? ~ Any 


@ 
and —(3x’y-x*) =6xy- 3x? 
ox 
Therefore the equation is not exact but the coefficients of dx and dy are homogeneous. Hence 


1 1 
Oey — 2xy?)x4 Oxy — xy xy will be an integrating factor. 


1 
Multiplying both sides of the equation by 77, we get 


xy 
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sax 24x + Say -ay =0 
ce eS 
dx —xd 
or, TF 7 Bellogx) + 3dloay) =0 


er o{?] +d(3logy - 2logx) = 0 
Therefore integrating, we get the primitive as 
x 
yt Slosy -2logx =c, 


where c is a constant. 
Example. Solve : (xy sin xy + cos xy) y dx + (xy sin xy — cos xy) x dy = 0. 


OM | eN 
Sol. It is seen that the equation is not exact as yy *x but M and N are of the forms 


{f(xy)}y and {F(xy)}x. 
Moreover Mx — Ny = 2xy cos xy. 

1 
Hence an integrating factor is ‘Dry cosxy* 


Multiplying both sides of the given equation with this integrating factor, we get 


dx dy 
tan xy (y dx + x dy) + YO =0 


or, tan xy d (xy) + d(log x) — d(log y) = 0. 
Integrating, we get log sec xy + log x — log y = log c. 


x 


Hence ysec xy = c is the primitive, where c is a constant. 


Example. Solve : (3x?y* + 2xy) dx + (2x°y? - x?) dy = 0. 


oM oN 
Here ay = 12x’y? + 2x and a 6x’y? — 2x. So the equation is not exact; 


1(éN OM 1 
fj XO) __gy2y? — 2x — 12x? — 2x) = — 
but a(S mt) xy (3xy? rayh EY DRAIN Y PR) 


which is a function of y only. 


[Pay 1 
Hence e'” =e7" ara is an integrating factor of the equation. 


1 
Multiplying both sides of the equation by yy: we get 


2 
3x?y2dx + ao dx 2x°ydy—7 dy =0 
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or, {x"y?) + Ba PY XY Lg 


2 
oe ary)ra =o 


Integrating, we get 
x? 
xy? + ye being a constant. 
Example. Solve the equation 
(2x2y — 3y4) dx + (3x3 + 2xy%) dy = 0 
Sol. This equation can be put as 
x2(2y dx + 3x dy) + y%(—3y dx + 2x dy) = 0. 
Here we have 
a, = 2, b, = 0, m, = 2,n, = 3, a, = 0, b, = 3, m, = -3, n, = 2. 
A factor, that will make the first term an exact differential is y*-?"y**~' and a factor, that will 


make the second term an exact differential, is x“: 'y% >, where k, and k, have values such that these 
two factors are same. This gives 2k, — 3 = — 3k’ — 1 and 3k, — 1 = 2k, — 4, that is, 2k, + 3k,-2=0 
and 3k, - 2k, +3 = 0. 


28 


2 Fn 
3° Thus the common factor is x @y '?. 


i 5 
These give k, = -73" 
Multiplying by this integrating factor, the equation becomes 
Bs ou 10 28 3 11) 
(2 By ie ~3x Py Jan (au Ty 3 42x By? joo 


M_ 30.2 2 72, 88 
= ays _ yy ays 
Here we see that ay 13 y 3 y 


ON 30, 3-8 72 8 


q Ny aye _ 4, Bye 
aes 23 
Therefore the equation is now exact. 
Its primitive is 
13) 2 (-E)eev 
2| -13}x ey 3/18 |, ays 6, ©, bei 
( 3) y 36 y 1 1 being a constant 
13 38 # 
or, sox ByB =e 
T2 y 1 
eae 0 45 
or, 5x By -12x By % =e, where c = 60c,, c is another constant. 
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5. LINEAR EQUATION 


An equation of the form 


= +Py=Q, (1) 


where P and Q are functions of x only (or constants) is called a linear equation of first order in 
y. The dependent variable and also its derivative in such equations occur in the first degree only and not 
as higher powers or products. 


If both P and Q be constants, then the variables can be easily separated. This will also happen 
if either P or Q be zero. 


Let R be an integrating factor of the above equation. Then the left hand side of the equation 


py +RPy =RQ 
dx 
is the differential coefficient of some product. Now the first term aoe can only be derived by 
differentiating Ry. 
We put 
dy dR 
pn . Rpy = (py) =R M4 yIR 
ay REY A W=R ETS 


Therefore RP = —— 


JP is an integrating factor. 


Integrating, we get logR = fPax, so that R=e' 
Now, multiplying both sides of the equation (1) by this integrating factor, we get 


Jom _ gelre 


ay fem +Pye 
dx 


or, afyel"*)- ae!” "4 dx. 
On integrating both sides, we get the primitive as 
ye!" = Joel *ax +c, where c is a constant. 


An alternative form of the solution of the equation (1). 


Let z= Gy, that is, Pz =Q- Py. 


az _d(Q)\ dy _ £(2) -P. 
Then 3 -#(2) ik ak Jn '¥). from (1) 


= <(3} -PzZ, from (2). 


dz d/ 
Therefore — +Pz= al 


) 
ax y which is linear in z. 
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The integrating factor of this equation is lh . Multiplying the equation by the integrating factor 


lr , we get 


af re) fre 3 (8) 
ae J oxi) 
On integration, we get ze!” *efelhes (2 Jee +0. 


Putting for z, we get an alternative form for the solution of the equation (1) as 


-oM*lfe fray (3 )+] 


or, ASS 2. a eg (3 Jee] 


Note. Sometimes an equation may be linear in x, where y is the independent variable. The form 
of such an equation is 


dx 
ay *PRE Q,. 


Here P, and Q, are functions of y only (or constants). 
The general solution, in this case, will be 


xel* =Jael aye 
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6. EQUATION REDUCIBLE TO LINEAR FORM OR BERNOULLI’S EQUATION 


d 
Let us consider the equation oe Py = Qy”, which is known as Bernoulli's equation, in which 


P and Q are functions of x alone or constants. 


d 
It can be put ax y* oe Py'"=Q. 
This equation may be brought to the linear form by the substitution 
dv dy 
In = Rr _ 
y' v, so that x (1 -n) awe 
Thus the equation transforms to 
dv 
qu -n)Pv=(1-n)Q, 
which is linear in v, its integrating factor being e” nije ae 


The solution is given by 


(1 myfP dx 


we PX =(1-n)f Qe dx +c. 


Then we put y'~* for v. 

-tan yy UY 
Example. Solve : 1 + y2 + (x-e er =0. 
Sol. The equation can be written as 


dx x eur'y 
ag ae a gee 
dy 1+y° 1+y 


which is linear in x. 


1 ey 
pact. so, 
Here hy and Q Thy? 


Integrating factor is 


; 
Sar _ un’ 


Acs atiy 


=e 
Multiplying both sides of the equation by this integrating factor, we get 


AK gun'y 4 e 'y 1 
dy ity’ 


or, {xe™y) = 1 


= dy. 
ny 


Integrating both sides, we get the general solution as 
xesrly = tan'ty +c. 
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a 
Example. Solve : 4 +ycos x = y" sin 2x. 


Sol. We divide both sides of the equation by y" and we get, 


y" yy, y' cos x = sin2x 
dx 


dy _ dv 
Put y'-" = v, so that (1 - n) y” oF and the equation becomes 


1 dv 2 
——— + Vcosx =sin2x 
1-ndx 
dv 
or, ag noose = (= sin 2x. 
K 


Integrating factor of this linear equation in v is 
elitr net 
The solution of this equation is thus 
vethmsnx _ fa — nye" gin 2x dx At) 


Now, to evaluate the right hand side integral, we put sin x = z, so that 
cos x dx = dz, 


Therefore (1- n) J 2e"m= sinx cosx dx = 2(1 -n)f e277 dz 
1 1 
=2(1-n)iz—L_etrm: — ft etm gz 
( | 1-n § 1-n by } 


7 1 By 
=2ze"* m2. -e Le 


=2sinxe-* _ 2. eltnsnx yg 
Putting v = y'-"in (1), we get the general solution of the given equation as 


=n g(-nsinx ain ye(t-nsinx 2 a(t-n) nx 
yal msnx 2 sinxel™” “5 elem ag 
=n 


ony" =2sinx— 2g pgin-tans 
1I-n 


d 
Example. Solve : =a +xsin2y =x’ cos’ y. 


Sol. Dividing both sides of the equation by cos? y, we get 


dy 
sec’y oe + 2x tany = x. 
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dy dv 
We put tan y = v, so that sec’y = =— and the equation becomes 


dx 


—+2xv=x?, 
dx 


frm _ oe 


Integrating factor of this equation is @: 
Multiplying both sides of the equation by this integrating factor, we get 


2 sas? 


e Ws oxve® =x"e 
dx 


or, d(ve" ) =x'e"dx. 


Integrating both sides, we get 


2 tlie 
ve = [pz dz, where z = x? 


=H {zet-e') +e 


or, tanye™ = (xe" -e )+e 


2 


1 2 
Hence tan y = > (x?- 1) + ce™ is the general solution. 
2 
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7. ORTHOGONAL AND OBLIQUE TRAJECTORIES 


Orthogonal Trajectories 

Let F(x, y, c) = 0 be a given one parameter family of curves in the xy plane. A curve that intersects 
the curves of the family at right angles is called on Orthogonal trajectory of the given family. 
Procedure for finding the Orthogonal Trajectories of a given family of Curve 

Step 1. From the equation F(x, y,c) = 0 wo (1) 


d 
of the given family of curves, find the differential equation o. f(x, y) of this family. 


Step 2. In the differential equation dy/dx = f(x, y)so found in Step 1, replace f(x, y) by its negative 


dy 1 
reciprocal -1/f(x,y). This gives the differential age Foxy) eavation of the orthogonal trajectories. 

Step 3. Obtain a one-parameter family G(x, y, z) = 0 or y = F(x, c) of solutions of the differential 
equation (1). Thus obtaining the desired family of orthogonal trajectories (except possibly for certain 
trajectories that are vertical lines and must be determined separately). 

Oblique Trajectories 
Definition 

Let F(x, y, c) = 0 (1) 

be a one-parameter family of curves. A curve that intersects the curves of the family (1) at a 
constant angle a + 90° is called an oblique trajectory of the given family. 

di 

Suppose the differential equation of a family is a f(x, y) (2) 

Then the curve of the family (2) through the point (x, y) has slope f(x, y) at (x, y) and hence its 
tangent line has angle of inclination tan” [f(x, y)] there, The tangent line of an oblique trajectory that 
intersects this curve at the angle a will thus have angle of inclination tan-'[f(x,y)] + a at the point (x, y). 


f(x, y)+ tana 
1-f(x,y)tana* 


Hence the slope of this oblique trajectory is given by tan {tan-f(x,y) + a} = Thus the 


dy f(x,y)+tane 
differential equation of such a family of oblique trajectories is given by Ox 1-f(xy)tana f(xy)tana 
a family of oblique trajectories intersecting a given family of curve at the constant angle a # 90°, we may 
foltow the three step in the above procedure for finding the orthogonal trajectories, except that we replace 
Step 2 by the following step: 
Step 2. In the differential equation dy/dx = f(x, y) of the given family. Replace f(x, y) by the 
expression. 


Thus to obtain 


f(y) + tana. 


1-f(x,y)tana, (8) 
Example. Consider the family of circles 

x + y? = C2 (1) 
with centre at origin and radius c. Each straight line through origin 

y = kx wn (2) 


is an orthogonal trajectory of the family of circles (1). 
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is the family of straight lines 
y = kx (3) 
Let us verify this using the procedure outlined above. 
Step 1. Differentiating the equation 
x + y? = c? (4) 


of the given family, we obtain 
dy 
xt+y—=0 
ny dx 
From this we obtain the differential equation 


dy x 
wy (5) 
of the given family (4). (note that the parameter c was automatically eliminated in this case.) 
Step 2. We replace — x/y by its negative reciprocal y/x in the differential equation (5) to obtain 
the differential equation 
gy _y 
dx x 6) 
of the orthogonal trajectories. 
Step 3. We now solve the differential equation (6). Separating variables, we have 
y= kx (7) 

This is a one-parameter family of solutions of the differential equation (6) and thus represents the 
family of orthogonal trajectories of the given family of circles (4) (except for the single trajectory that is 
the vertical line x = 0 and this may be determined by inspection). 

Example. Find the orthogonal trajectories of the family of cardioids r = a (1 — cos 6), a being a 


variable parameter. 
Sol. From the given equation, we get by differentiating with respect to 0. 


dr “f 
= =asine 
do " 


. . dr__srsing Cc) 
Eliminating a, we get G9 “7 —cos0 =f cot, -{ii) 


This is the differential equation of the given family of curves, 


di 
To get the differential equation of the system of orthogonal trajectories, we replace S by 


in (ji). Thus we have 
do ) dr 8 

+? —=rcot—, i —-=-tan— dé. 
EZ 2 that is, i 2 


Integrating both sides, we get the family of orthogonal trajectories as 


log r = 2 log cos $ + log (c) 


e 
r= cos? 5 = ¢ (1 + cos 6). 
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Example. Show that the family of confocal conics 


2 2 


x ye 
wea been 
is self-orthogonal, where 4 is a parameter. 
Sol. Differentiating both sides of the given equation with respect to x, we get 


dy 


Bae =O where y, = 7 


ata be +a 


This gives —_x(b? + A) + yy, (a? + 4) = 0 


ose) b’x+a’yy, 
im XW; 
2p? 2p? 
Therefore = @ +h= (= and b? +, = =P 


x+ YY, x+y 


Eliminating 4 from the given equation, we get the differential equation of the family of curves as 


(x+y) ¥'(K+ YY) 4 
(a? —b?)x (a7 -b*)yy, 
¥(X+ Ys) 


x(x pe eau LL 
or, (x + yy,) i 


2 _p? 


1 
or, xy" oay[y, 2) 0? br (1) 


1 
Hence the differential equation of the family of orthogonal trajectories is 


(4 i 1 
x? ~y? +xy| -—+y, |=a? —b’, replacing y, by} -— 
ya »| feplacing y, »( all 


1 


which is the same equation as (1) and therefore must have the same primitive. 


The equation of the family of orthogonal trajectories is thus 
2 2 

a # x =1 
atp bDot+p 


which represents a set of conics confocal with the given set. 

Thus the system of confocal conics is self-orthogonal. 

Example. Show that the orthogonal trajectories of the system of co-axial circles x? + y? + 24 x 
+c = 0 forms another system of co-axial circles x? + y? + 2u y — c = 0, where A and p are parameters 
and c is a given constant. 

Sol. Differentiating both sides of the given equation with respect to x, we get 


Yim=0 gh -{ #) 
2x42) 7 Peh= 0, giving = xy 


Eliminating % from the given equation, we get 


x oy? -2x{xeyt}oe=0 
dx 
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as 


dy 

2 x? —2xy—2 +0 =0 

or, y yx (1) 
which is the differential equation of the given co-axial system of circles. 


d dx ee: : \ ; 
‘eplacing —— by |-—— |, we get the differential equation of the corresponding orthogonal trajectory 
Replacing & b ay the differential equation of th ding orthogonal traject 


dx dx 
y? -x? + 2xy—— +0 =0, that is, 2x —--— (2) 
dy 


dy y 


: ox av 
Let us put x? = v, so that 2x dy dy: 


Then (2) b ne £ 
en (2) becomes dy y 
This is a linear equation in v, whose integrating factor is e"°” 7 


1 
Multiplying both sides by y and integrating, we get 


cj\1 c 
Vos (-v-$}hey=-y +S 
y J yy yo" 


where k is a constant. 
Now, putting x? for v, we get 
we=-ytor+ky 
or, x? + y? + 2 y-c=0, where k = —2p. 
This is another system of co-axial circles. 


